CONFORMAL TRACTOR GEOMETRY COMPUTATIONS

TRAVIS WILLSE

DO NOT DISTRIBUTE

1. THE STANDARD REPRESENTATION V := RPF+1.a+1
A choice of scale determines a Gp-module decomposition of the standard representation V, namely

V =¢q, R[1] @ RP? @ R[-1].

1.1. The operators determined by a choice of scale. Recall the operators
YAev[-1], Z4 eVl ®Rr)*, X4 V[,

that inject the irreducible Gp-modules W into V, and by equivariance, the operators that inject the respective
associated bundles in the standard tractor bundle. Henceforth we often suppress the distinction between the
algebraic and bundle settings. Only X4 is independent of the choice of scale.

The only nonzero contractions of these operators with the canonical nondegenerate, symmetric bilinear form
Hap € S?V* are determined by

HapYAXB =1
HABZAaZBb = 8ab,

where g,, € S?(RP9)*[2] is the canonical conformal structure.
We can extract the components of the general standard tractor

I = oY + 224, + pX4

via
o= XuI4
u® = ZA%TA
p=YIA

1.2. The normal standard tractor connection. The covariant derivatives of these operators are given by
VY4 =P z4
VeZhy = =P X —gpe Y
V. XA =274,
Thus, in terms of its components, the covariant derivative of a general standard tractor is

VoIA = (0 — )Y A + (1% + POyo + 8%0p) 240 + (py — Papp®) X,

2. THE ADJOINT REPRESENTATION g :=s0(V) &2 so(p+ 1,q+ 1)
A choice of scale o determines a Gp-module decomposition of the adjoint representation so(V), namely,

s0(RP-?)
s0(V) &g, R o ® ® (RP9)*
R

(Here, so(g) = so(p,q).)
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2.1. The operators determined by a choice of scale. The usual operators X4, Z4;, Y4 determine correspond-
ing operators that inject the irreducible Gp-modules W into so(p + 1,¢q + 1), and by equivariance, operators that
inject the respective associated bundles into the adjoint tractor bundle, A:

Qpy =Y Zpy— Z44YB € s50(V) ® (RP9)*

RApt =1 (225" — 24 Zp,.) € 50(V) @ s0(RP*)*
SAp =Y4Xp - X4Yp € s0(V)

T4 = X4 Zpt — 749X p € s50(V) @ R4

(Recall that via the musical isomorphisms V & V* and RP¢ = (RP:9)*[2], we have so(p + 1,¢ + 1) = A%V* and
s0(p, q) = A?(RP)*[2].) If we fix a basis for T M, then we can view these operators together as basis of so(p+1,q+1)
(or a frame for A), where the indices vary over the chosen basis of TM and its dual basis as appropriate. Only
T4 54 is independent of the choice of scale.

Regarded as endomorphisms U 5 of the standard tractor bundle 7" indexed by Latin miniscules, the compositions
of these operators are given by

Q4ceQ%py = —8e, Y Y5
Q*ceRps" = 5 (g8eyY*Zp% — 09.Y* Zpy)
Q4 c.S%p = Z4.Yp
QT Y = 89 Y Xp — Z*. Zp"
RA%iQ%y = L (092445 + 84y Z°Yp)

2
RACdeRCBfg = % (—gegZAdZBf + 5efZAdZBg + 5gdZAeZBf — gdeAeZBg)
R%ca*S“p =0
Rci T = § (—8“2"%Xp + 942" Xp)
S4cQ%p, = Y*Zp,

SACRYg9 =0
SA4cSC s =YAXs + XAYp
SAcT g9 = —X4ZpY
TACeQCBg _ _6egXAYB _ ZAeZBg
TACeRchg = % (—gegXAZBf + 5efXAZBg)
TACESCB — _ZAeXB
TAceTCBg _ —gegXAXB.
The nonzero traces (in the majuscule indices) of these compositions are
Q7 peT? 4% = —267,
RABaRP 449 = 1 (6°409) — g%guy)
SApSE A =2.
So we can extract the components of a general adjoint tractor
A = k"Q%pa + 0" R 5" + €545 + T4 5P
via
k¢ — 7%TBAGAAB _ XAzBaAAB
%= RPw"AYE =Z4°ZP A%
= 35PA% =XaYPAlp

vy = —3Q% wAts =YaZ" A%,
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The Lie brackets [U, V]4p := U4V — VAU g of the operators are given by

[Qe, Qg5 =0
[Qe, Rp) = 1 (=67.Q" by + g1 Q" Y)
[Qc, S]* 5 = —Q"Be
[Qe, T 5 = —2R"p.9 — 69.5"p
Ry, Rp9) p =1 (5efRABdg — 8R4y — gy R 5% — 694R" °)
(R4, S5 =0
[Ra, 194 p = L (=694T45° + g7 pa)
[S,81%p =0
(S, 7914 = —T*p?
[T¢,T9]4p = 0.

2.2. The Kostant codifferential. The relevant Kostant codifferential in degree 1 is the map
0" pr®g—g

given by (the restriction of) the adjoint action. We can identify an element 7. € p, with .74 5¢ € g, and hence
0* is given on simple elements by

e AP E =T A" E.

We wish to identify 9*(n ® A)P 5 as a contraction of (n® A).A 5 = 1.A% g with a natural tractor tensor, which we
denote (9")*p°p”, in g® (p4 @ 9)" = g® (9/p) @ 0"
By linearity this will characterize 9* without any restriction to simple elements. Using the extraction formulae
gives that we can write a general adjoint tractor as
APp=—1TB A2 5QP pq + RP 4 "A g RP 54 + $SP aA 5SP p — LQP 4 A TP .

So, substituting in the above formula for 0*(n ® A)P g, using linearity, factoring out the common factor n.A4p,
and using the above formulae for Lie brackets of injection operators gives

(oA p =0T A g

= 1A g (=574, Q)" 5 + RP 4 [T, Ri)7 5 + 557 a1, 81" 5 — 5Q7 ac[T°,T°))

=A% p [-ATP 44 (—2RP 54° + 0°4SP p) + RP 4 [2(6°4TP 5° — g°°TP pa)| — $SBa(=TP )] . # #x
So, the operator with whose contraction characterizes the action of 0* is the one in the outer brackets on the

right-hand side. Exploiting the fact that R 4,4 is g-skew in its miniscule indices simplifies the middle term, giving
a simple expression for the codifferential so viewed:

(a*)ABCDE — RBAfCTDEf + %SBATDEC _ TBAfRDEfC _ %TBACSDE~

2.3. The normal adjoint tractor connection. Using the usual formulae for the normal tractor covariant deriva-
tives of X4, Z4,, Y4 gives formulas for the derivatives V.U :

VeQ*pa=—2P.;R*ps’ — Ps.S"p
VR gt =1 (6%Q" pe — geeQ 5 + P.T g — Pec T 5)
VeShp =Q%pe — PoyT4 57
V. T45% = 2RA 5% + 67,54 5.
Thus, in terms of its components, the covariant derivative of a general adjoint tractor is
VA%p =V (K"Q gy + 0"y R 5" — €545 + 1, T ")
= (K e+ ¢+ €0°)Q% By + [¢%,c + (Pcky — Pock™) + (8%cvp — grev™) | R Ba®
+ (Ee — Pegk® +v)S 5 + (Ve — Peap®s — EPoe) T 5.
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For convenience, for a given adjoint tractor A% we denote the components of the covariant derivative V.A“ 5 by
o’ =Ko+ @l + €8
B%e 1= ¢%.c + (P%ky — Pock®) + (6%cvp — 8be®)
Ye 1= & — Pegh® + v,
Che 1= Ve — Peap®s — EPoc
so that
VA p = a"Q"pa + B R 5" + 75" 5 + (T 5"

2.4. The adjoint splitting operator. The adjoint splitting operator Lo : T'(TM) — I'(A) for the normal tractor
connection V is characterized by (1) Iy o Ly = idrps, where Iy : A — T'M is the canonical projection induced
by the canonical projection g — g/p, which we can identify with 74 3¢ (also, we freely use the same notation for
tensorial maps and the maps on spaces of sections they induce), and (2) * o V o Ly = 0.

To determine the components of this operator with respect to the splitting determined by a choice of scale, we
compute

(0*VA)P g
for a general adjoint tractor A as above. Expanding gives
(0°VA) 5 = (07" EV.A 5
_ (RBAchDEf + %SBATDEC _ TBAfRDEfc _ %TBACSDE)
(a®Q?a + B4R Ba” + 7S B + QT B)
=20 RPp." + a"SP g+ 2(8%a0 — Bea + 1) TP B°.

We now impose the condition 9*VA = 0. Contracting with R” p ¢9 and substituting the expression for a in
terms of the components of A gives

0=—(a% — o‘gf)
= —[(K9 g =75 +66%5) = (kg,? — @ +£647)]
= [k 5 — kg0 = 2¢%4].
Solving for ¢ gives
plr = 5(=k% s +kp9).
Instead contracting with S¥p gives
0=2a%,
=2(k" o + "0 +£0%)
= 2(k" o +nf),
and again solving gives

§ = _%ka a-

)

Finally, contracting instead with Q¥ p f gives
0= 2(_ﬁafa + ’Yf)
= 2[(¢" .0 + (Paky — Pgka) + (6%avy — 0% pva)) +2(8 5 + vg — Prgh?)]
= 2[(paf7a + 2Paak‘f — 4Pagka + 2£7f + 27?,1/f].
Solving for v and substituting the already-derived expressions for ¢ and & gives
(—(pafya - Paakf + 2Pafka - §7f)
( é(—ka’f + kf,a)’a — Paak‘f + 2Pafka — (—%ka’a) ’g)
(%ka’fa — %k’f’aa + %ka,af - Paakf + 2Pafk’a)

I/fZ

3= 3= 3=

We have thus determined the normal splitting operator Ly : I'(T'M) — I'(A) for the adjoint representation:
LO(k)AB = kaQABa + %(_ka,b + kb,a)RABab - %kc,cSAB + % (_%kb Cc + %kc,bc + %kc,cb - Pcckb + 2Pbckc) TABb-

)
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3. THE STANDARD REPRESENTATION V, CONTINUED

3.1. The Kostant codifferential. The relevant Kostant codifferential in degree 1 is the map 0* : p, @ V — V
given by (the restriction of) the standard action. This is given on simple elements by 9*(n ® )¢ = [(T?) - I]°,
where - denotes the standard action. Computing gives that 0* is given by the contraction with the following tractor
tensor (which we also denote 0*):

(a*)AbC _ TCAb — XC'ZAb _ ZCbXA.
3.2. The standard splitting operator. Solving (9*VI)“ = 0 gives that the normal splitting operator L : £[1] —

T for the standard representation is

LO(U)A = oY 4+ o024, — %(J,bb + Pbe')XA.

4. THE kTH ALTERNATING REPRESENTATION, A¥V*

4.1. The operators determined by a choice of scale. The usual operators X4, Z4,, Y4 determine correspond-
ing operators that inject the irreducible Go-modules W into A*V. Here A is an abbreviation for the multi-index
A;--- A, and b is an abbreviation for the multi-index by - - - b,. The notation A is an abbreviation for the multi-
index Ay--- A, and A an abbreviation for As--- Ay; define analogously b and B, denote by b the multi-index
by---by, and set ZoP = Z[Albl e ZAk]bk. (Recall that the musical isomorphism V* 2V determined by H induces

~

an isomorphism A2V* 2 s0(p + 1,¢ + 1). The notation in this section is chosen to be compatible with the notation
in the above section giving results for the adjoint representation.)

QA® = kY4, Z4° e AFV* @ AFTIRPA[— ]
RAP := ZAP € APV* @ AFRPY[— k)

SaP = k(k — 1)Y{4, X4, 2% € AFV* @ AF2RP[— + 2]
TP = kX4, Z4° € AFV* @ AFTIRPA[—k + 2).

If we denote the operators defined for a given k by (Q) AP (and similarly for the other operators), then the
operators for various k are related by the special cases

(Q1)a =Ya, (R1)A" =24, (Th)a = X4,

and (for appropriate k) the contraction identities

yAs 74, x4
(Qk)AlAb 0 =5tz (Qp— 1) bl (Rk—l)AB
(Rk)a,a” o 5[ Te(Rr-1)A” 0
(Sk)aa® | =(@Qr-1)4P 0P (Ske) 4 ) (Tho1) 4
(Ti) A | (Ri—1)4" —5[b2 o(Te1) 4" 0
and the wedge product identities
Ya, Za,C Xa,
(Qr)aP 0 —k(Qr11)40a® = (Sk11)a,a”
(Ri)A® | (Qra1)a0a® (b +1)(Rit1) 4,4 (Tht1)4,a°
(Sk)a® 0 (k= 1)(Sk+1)a0a® 0
(Ti)A® | (Sk+1)a0a”  —k(Thi1) 2,4 0

denote, for example, (Y A (Rg)P)aya = (Qri1) 4,4
The nonzero full traces on the tractor indices A of these operators are

QAE’TAé = k(;[bz[c2 ...5bk]%]
RAbl...kaACl”_CIc — 6[b1[61 ...5bk]6k]
SAbz.kuilSAQ---ck,l _ —k(k _ 1)5[1)2[02 . 5171@71]

cr—1]
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So, we can extract the components of a general tractor k-form

Ba = wBQAb + ¢bRAb + MBSAb + TbTAb

via
wp = ,iTAbBA = XMz, .. 7%, Ba
¢p = R*,Ba = 7%y, 2%, Ba
My = _ﬁSABBA = XMyt g, oz, Ba
b = %QABEA =yhzh, . 2%, Ba.

In particular, we can write the identity map 64 € on AFV* as

1 : 1 3 1 ;
5AC = EQAdTCd + RAdRCd — 7]{;(]{ — 1)SAdSCa + %TAdQCd.

The actions of T° on the injectors are given by

(T° - QB)A =—Ra®+ %gc[bZSAﬁ]
(T RP)A = g7, Bl

(T SP)a = (k= 1)TA™®
(T°-TP)s =0

4.2. The Kostant codifferential. The relevant Kostant codifferential in degree 1 is the map
0 1 py @ APV — AFV*

given by (the restriction of) the standard action of g, which is given by the action of T on the injectors. As in
the adjoint case, we wish to identify 0*(n @ B)a = (n.7°-B)a as a contraction of (n ® B)yc = B¢ with a natural
tractor tensor, which we denote (9*)A%C, in (A*V*) ® (p ® AFV*)* = AFV* © (g/p) ® AFV. By linearity this will
characterize 9*. Using the above formula for the identity 6€ 4 on AFV* gives

Ba = 6A°B¢
1 dC d pC 1 dgC 1. anc
(kQA a Tt RA“R"q k(k*l)SASd—’_kAQd c
Substituting gives
(0")A"“mBc = 0" (n® B)a
= n(T" - B)a
= (k(Tb CQYATCy + (T°- RY)ARCq — m(Tb SN aS%4 + %(Tb : Td)AQCd) Be.

So, using the above formulae for the actions of T on the injectors gives

(8*)Abc — |:gc[d1TAd]RCd _ ETACdScd _|_ E (_RACd _|_ kgc[dQSAd]> Tcd:| .

4.3. The normal tractor k-form connection. Using the usual formulae for the normal tractor covariant deriva-
tives of X4, Z4,, Y4 gives formulas for the derivatives V. Ua:

VeQAP = kPRA™ — P2 5,
VeRAP = =31, QaP — P11 T,P)
VoSaP = (k — 1)Qac” — (k — 1)P.gTa®™
V.TAP = kRAP + o1tz S,
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Thus, in components, the covariant derivative of a general tractor k-form is
ViBa = Vo(wy,Qa® + obRA® + 1S4 + 1. Ta®)
= wp, . — b, + (k= 1)9c[b2uf,]]QAB + (B, + kPejp, iy + ke, T ) RA
+ (. — Pl +7.5)SA” + (mp,. — Pelgp, — (k — 1) Pegpy i) Ta®-

Again for convenience, for a given adjoint tractor Ba we denote the components of the covariant derivativeV,Ba
by

U 1= Wh o = Pepy + (K = 1)Gepp, 1)

Poc = ¢b,c + kP, wiy) + k8efp, Ty,

Ve = Hie — Pelwapy + 7

Cbe = T = Pe0qp, — (k= 1) Pepy, i
so that _ ) _

VeBa = a;y,QA" + BoeRA® + 75,54 + G Ta®.
4.4. The splitting operator for A*V*. As in the adjoint case, to compute the splitting operator Lo : T'(A*~1T* M [k]) —
['(A*T*) with respect to the splitting determined by a choice of scale, we compute
(0"VB)a
for a general adjoint tractor B. Expanding gives
(0*VB)a = (0")A"°V,Bc
_ gt dIpc, %TAbaSca + % <_RAbc‘1 n %gb[dz SAa]> Tcd}
(aepQc® + BevRc® + e Sc® + CanTc®)
= —ag,Ra + %gbdQQabSAa + (8" Bay + (k — 1)74,]Ta"

We now impose the condition 9*VB = 0. Contracting with R4, ..., and substituting the expression for a in terms
of the components of B gives

0= —ay

= —[Wie,er] — Pe + (k = 1)8e, e, Me)]-
The third term vanishes by symmetry, so rearranging gives
be = Wie,e,]-

Instead contracting with SAB gives

1
0= -g"a,
kg Qéh

1 b€2

=8 [wie,p) — Pbe + (K — 1)gp[e, 1]
The second term in brackets vanishes by skew-symmetry, and we can expand the third term according to the
position of the index ey as
(k — 1)8ples te] = Goes s — (K — 2)Gples e e >
and the g"®2-trace of this term is just (n — k + 2)ue, so substituting and rearranging gives
1 b
He = o T+ 2™

Finally, contracting instead with Q®¢ gives
0 = k[g"Baes + (k — 1)7se,)
= k[g"(¢aes + kPyjawe) + kgojate) + (k = 1) (15,01 PP ey wipje) + Te)]
Decomposing the second term according to the position of the index d gives

kPyjawe) = Praws — (k — 1) PP e, wppje)s
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and one can treat the third term separately. Carrying out the contraction with g®® and collecting like terms then
gives
0= k[¢bé)b —2(k — 1)Pb[e2UJ‘b|é] + Pbbwé + (k- 1)/1[@’82] + n1e),
and solving for 7 yields
To = —5lne,” = 2(k = 1) P e wppje) + Plows + (k — 1) s ey
Using the value of ¢ determined above, the first term in brackets is
1 k-1 1 k—1
Pre,” = (wie)),” = (kwé,b - kwb[é,e2]> b= Ewé,bb - wa[é,@]b
Similarly,

1 b 1 b
Hig,en] = Th—k+2 n 2%[@;, ,ea] — Th—k+2 T 2wb[é, es]

Substituting this in the expression for 7 gives
171, k-1 , k-1 , , ,
o= [kwé,b T Whlee] T g Whle e — 2(B = D P eywpje + Pliwe |

We have thus determined the normal splitting operator Lo : I'(A*=1T*M[k]) — T'(A*T*) for the kth alternating
representation:

1

Lo(w)a = w,Qa” +wpi 5 Ra® — mch,CSAb
101 . k-1 c k-1 c c c b
T [k‘%,c T Welbbe)” T 5 g gWelb, ) — 20k — Pty + P Cwb:| Ta”.
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