
CONFORMAL TRACTOR GEOMETRY COMPUTATIONS

TRAVIS WILLSE

Do not distribute

1. The standard representation V := Rp+1,q+1

A choice of scale determines a G0-module decomposition of the standard representation V, namely

V ∼=G0 R[1]⊕ Rp,q ⊕ R[−1].

1.1. The operators determined by a choice of scale. Recall the operators

Y A ∈ V[−1], ZA
a ∈ V[1]⊗ (Rp,q)∗, XA ∈ V[1],

that inject the irreducible G0-modules W into V, and by equivariance, the operators that inject the respective
associated bundles in the standard tractor bundle. Henceforth we often suppress the distinction between the
algebraic and bundle settings. Only XA is independent of the choice of scale.

The only nonzero contractions of these operators with the canonical nondegenerate, symmetric bilinear form
HAB ∈ S2V∗ are determined by

HABY
AXB = 1

HABZ
A
aZ

B
b = gab,

where gab ∈ S2(Rp,q)∗[2] is the canonical conformal structure.
We can extract the components of the general standard tractor

IA := σY A + µaZA
a + ρXA

via

σ = XAI
A

µa = ZA
aIA

ρ = YAI
A.

1.2. The normal standard tractor connection. The covariant derivatives of these operators are given by

∇cY
A = PcdZ

Ad

∇cZ
A
b = −PbcX

A − gbcY
A

∇cX
A = ZA

c.

Thus, in terms of its components, the covariant derivative of a general standard tractor is

∇bI
A = (σ,b − µb)Y

A + (µa
,b + P a

bσ + δabρ)ZA
a + (ρ,b − Pabµ

a)XA.

2. The adjoint representation g := so(V) ∼= so(p+ 1, q + 1)

A choice of scale σ determines a G0-module decomposition of the adjoint representation so(V), namely,

so(V) ∼=G0
Rp,q ⊕

 so(Rp,q)
⊕
R

⊕ (Rp,q)∗

(Here, so(g) ∼= so(p, q).)
1



2 TRAVIS WILLSE

2.1. The operators determined by a choice of scale. The usual operators XA, ZA
b, Y

A determine correspond-
ing operators that inject the irreducible G0-modules W into so(p + 1, q + 1), and by equivariance, operators that
inject the respective associated bundles into the adjoint tractor bundle, A:

QA
Bd := Y AZBd − ZA

dYB ∈ so(V)⊗ (Rp,q)∗

RA
Bc

d := 1
2

(
ZA

cZB
d − ZAdZBc

)
∈ so(V)⊗ so(Rp,q)∗

SA
B := Y AXB −XAYB ∈ so(V)

TA
B
d := XAZB

d − ZAdXB ∈ so(V)⊗ Rp,q.

(Recall that via the musical isomorphisms V ∼= V∗ and Rp,q ∼= (Rp,q)∗[2], we have so(p + 1, q + 1) ∼= Λ2V∗ and
so(p, q) ∼= Λ2(Rp,q)∗[2].) If we fix a basis for TM , then we can view these operators together as basis of so(p+1, q+1)
(or a frame for A), where the indices vary over the chosen basis of TM and its dual basis as appropriate. Only
TA

B
d is independent of the choice of scale.

Regarded as endomorphisms UA
B of the standard tractor bundle T indexed by Latin miniscules, the compositions

of these operators are given by

QA
CeQ

C
Bg = −gegY

AYB

QA
CeR

C
Bf

g = 1
2

(
gefY

AZB
g − δgeY AZBf

)
QA

CeS
C
B = ZA

eYB

QA
CeT

C
B
g = −δgeY AXB − ZA

eZB
g

RA
Cd

eQC
Bg = 1

2

(
−δegZA

dYB + gdgZ
AeYB

)
RA

Cd
eRC

Bf
g = 1

4

(
−gegZA

dZBf + δefZ
A
dZB

g + δgdZ
AeZBf − gdfZ

AeZB
g
)

RA
Cd

eSC
B = 0

RA
Cd

eTC
B
g = 1

2

(
−gegZA

dXB + δgdZ
AeXB

)
SA

CQ
C
Bg = Y AZBg

SA
CR

C
Bf

g = 0

SA
CS

C
B = Y AXB +XAYB

SA
CT

C
B
g = −XAZB

g

TA
C
eQC

Bg = −δegXAYB − ZAeZBg

TA
C
eRC

Bf
g = 1

2

(
−gegXAZBf + δefX

AZB
g
)

TA
C
eSC

B = −ZAeXB

TA
C
eTC

B
g = −gegXAXB .

The nonzero traces (in the majuscule indices) of these compositions are

QA
BeT

B
A
g = −2δge

RA
Bd

eRB
Af

g = 1
2 (δefδ

g
d − geggdf )

SA
BS

B
A = 2.

So we can extract the components of a general adjoint tractor

AA
B := kaQA

Ba + ϕa
bR

A
Ba

b + ξSA
B + νbT

A
B
b

via

ka = − 1
2T

B
A
aAA

B = XAZ
BaAA

B

ϕa
b = RB

Ab
aAA

B = ZA
aZB

bAA
B

ξ = 1
2S

B
AAA

B = XAY
BAA

B

νb = − 1
2Q

B
AbAA

B = YAZ
B
bAA

B .
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The Lie brackets [U, V ]AB := UA
CV

C
B − V A

CU
C
B of the operators are given by

[Qe, Qg]AB = 0

[Qe, Rf
g]AB = 1

2

(
−δgeQA

Bf + gefQ
A
B
g
)

[Qe, S]AB = −QA
Be

[Qe, T
g]AB = −2RA

Be
g − δgeSA

B

[Rd
e, Rf

g]AB = 1
2

(
δefR

A
Bd

g − gegRA
Bdf − gdfR

A
B
eg − δgdRA

Bf
e
)

[Rd
e, S]AB = 0

[Rd
e, T g]AB = 1

2

(
−δgdTA

B
e + gegTA

Bd

)
[S, S]AB = 0

[S, T g]AB = −TA
B
g

[T e, T g]AB = 0.

2.2. The Kostant codifferential. The relevant Kostant codifferential in degree 1 is the map

∂∗ : p+ ⊗ g→ g

given by (the restriction of) the adjoint action. We can identify an element ηc ∈ p+ with ηcT
A
B
c ∈ g, and hence

∂∗ is given on simple elements by

∂∗(η ⊗ A)DE = [ηcT
c,A]DE .

We wish to identify ∂∗(η ⊗A)DE as a contraction of (η ⊗A)c
A
B = ηcAA

B with a natural tractor tensor, which we
denote (∂∗)AB

c
D

E , in g⊗ (p+ ⊗ g)∗ ∼= g⊗ (g/p)⊗ g∗.
By linearity this will characterize ∂∗ without any restriction to simple elements. Using the extraction formulae

gives that we can write a general adjoint tractor as

AD
E = − 1

2T
B
A
dAA

BQ
D

Ed +RB
Ae

dAA
BR

D
Ed

e + 1
2S

B
AAA

BS
D

E − 1
2Q

B
AeAA

BT
D

E
e.

So, substituting in the above formula for ∂∗(η ⊗ A)DE , using linearity, factoring out the common factor ηcAA
B ,

and using the above formulae for Lie brackets of injection operators gives

∂∗(η ⊗ A)DE = [ηcT
c,A]DE

= ηcAA
B

(
− 1

2T
B
A
d[T c, Qd]DE +RB

Ae
d[T c, Rd

e]DE + 1
2S

B
A[T c, S]DE − 1

2Q
B
Ae[T

c, T e]
)

= ηcAA
B

[
− 1

2T
B
A
d(−2RD

Ed
c + δcdS

D
E) +RB

Ae
d
[
1
2 (δcdT

D
E
e − gceTD

Ed)
]
− 1

2S
B
A(−TD

E
c)
]
. ∗ ∗∗

So, the operator with whose contraction characterizes the action of ∂∗ is the one in the outer brackets on the
right-hand side. Exploiting the fact that RB

Ae
d is g-skew in its miniscule indices simplifies the middle term, giving

a simple expression for the codifferential so viewed:

(∂∗)A
BcD

E = RB
Af

cTD
E
f + 1

2S
B
AT

D
E
c − TB

A
fRD

Ef
c − 1

2T
B
A
cSD

E .

2.3. The normal adjoint tractor connection. Using the usual formulae for the normal tractor covariant deriva-
tives of XA, ZA

b, Y
A gives formulas for the derivatives ∇eU

A
B :

∇eQ
A
Bd = −2PefR

A
Bd

f − PdeS
A
B

∇eR
A
Bc

d = 1
2

(
δdeQ

A
Bc − gceQ

A
B
d + P d

eT
A
Bc − PceT

A
B
d
)

∇eS
A
B = QA

Be − PefT
A
B
f

∇eT
A
B
d = 2RA

Be
d + δdeS

A
B .

Thus, in terms of its components, the covariant derivative of a general adjoint tractor is

∇cAA
B = ∇c(k

bQA
Bb + ϕa

bR
A
Ba

b − ξSA
B + νbT

A
B
b)

= (kb,c + ϕb
c + ξδbc)Q

A
Bb + [ϕa

b,c + (P a
ckb − Pbck

a) + (δacνb − gbcνa)]RA
Ba

b

+ (ξ,c − Pcdk
d + νc)S

A
B + (νb,c − Pcdϕ

d
b − ξPbc)T

A
B
b.



4 TRAVIS WILLSE

For convenience, for a given adjoint tractor AA
B we denote the components of the covariant derivative ∇cAA

B by

αb
c := kb,c + ϕb

c + ξδbc

βa
bc := ϕa

b,c + (P a
ckb − Pbck

a) + (δacνb − gbcν
a)

γc := ξ,c − Pcdk
d + νc

ζbc := νb,c − Pcdϕ
d
b − ξPbc

so that

∇cAA
B := αa

cQ
A
Ba + βa

bcR
A
Ba

b + γcS
A
B + ζbcT

A
B
b.

2.4. The adjoint splitting operator. The adjoint splitting operator L0 : Γ(TM)→ Γ(A) for the normal tractor
connection ∇ is characterized by (1) Π0 ◦ L0 = idTM , where Π0 : A → TM is the canonical projection induced
by the canonical projection g → g/p, which we can identify with TA

B
c (also, we freely use the same notation for

tensorial maps and the maps on spaces of sections they induce), and (2) ∂∗ ◦ ∇ ◦ L0 = 0.
To determine the components of this operator with respect to the splitting determined by a choice of scale, we

compute

(∂∗∇A)DE

for a general adjoint tractor A as above. Expanding gives

(∂∗∇A)DE = (∂∗)A
BcD

E∇cAA
B

=
(
RB

Af
cTD

E
f + 1

2S
B
AT

D
E
c − TB

A
fRD

Ef
c − 1

2T
B
A
cSD

E

)
· (αa

cQ
A
Ba + βa

bcR
A
Ba

b + γcS
A
B + ζbcT

A
B
b)

= −2αa
cR

D
Ea

c + αa
aS

D
E + 1

2 (βa
ca − βcaa + γc)T

D
E
c.

We now impose the condition ∂∗∇A = 0. Contracting with RE
Df

g and substituting the expression for α in
terms of the components of A gives

0 = −(αg
f − αg

f )

= −[(kg,f − ϕg
f + ξδgf )− (kf,

g − ϕf
g + ξδf

g)]

= −[kg,f − kf,g − 2ϕg
f ].

Solving for ϕ gives

ϕg
f = 1

2 (−kg,f + kf,
g).

Instead contracting with SE
D gives

0 = 2αa
a

= 2(ka,a + ϕa
a + ξδaa)

= 2(ka,a + nξ),

and again solving gives

ξ = − 1
nk

a
,a.

Finally, contracting instead with QE
Df gives

0 = 2(−βa
fa + γf )

= 2[(ϕa
f,a + (P a

akf − P a
gka) + (δaaνf − δafνa)) + 2(ξ,f + νg − Pfgk

g)]

= 2[ϕa
f,a + 2P a

akf − 4P a
gka + 2ξ,f + 2nνf ].

Solving for ν and substituting the already-derived expressions for ϕ and ξ gives

νf = 1
n (−ϕa

f,a − P a
akf + 2Pafk

a − ξ,f )

= 1
n

(
− 1

2 (−ka,f + kf,
a),a − P a

akf + 2Pafk
a −

(
− 1

nk
a
,a

)
,g

)
= 1

n

(
1
2k

a
,fa − 1

2kf,
a
a + 1

nk
a
,af − P a

akf + 2Pafk
a
)

We have thus determined the normal splitting operator L0 : Γ(TM)→ Γ(A) for the adjoint representation:

L0(k)AB = kaQA
Ba + 1

2 (−ka,b + kb,
a)RA

Ba
b − 1

nk
c
,cS

A
B + 1

n

(
− 1

2kb,
c
c + 1

2k
c
,bc + 1

nk
c
,cb − P c

ckb + 2Pbck
c
)
TA

B
b.



CONFORMAL TRACTOR GEOMETRY COMPUTATIONS 5

3. The standard representation V, continued

3.1. The Kostant codifferential. The relevant Kostant codifferential in degree 1 is the map ∂∗ : p+ ⊗ V → V
given by (the restriction of) the standard action. This is given on simple elements by ∂∗(η ⊗ I)C = [(ηbT

b) · I]C ,
where · denotes the standard action. Computing gives that ∂∗ is given by the contraction with the following tractor
tensor (which we also denote ∂∗):

(∂∗)A
bC = TC

A
b = XCZA

b − ZCbXA.

3.2. The standard splitting operator. Solving (∂∗∇I)A = 0 gives that the normal splitting operator L0 : E [1]→
T for the standard representation is

L0(σ)A := σY A + σ,bZA
b − 1

n (σ,b
b + P b

bσ)XA.

4. The kth alternating representation, ΛkV∗

4.1. The operators determined by a choice of scale. The usual operators XA, ZA
b, Y

A determine correspond-
ing operators that inject the irreducible G0-modules W into ΛkV. Here A is an abbreviation for the multi-index
A1 · · ·Ak and b is an abbreviation for the multi-index b1 · · · bk. The notation Ȧ is an abbreviation for the multi-
index A2 · · ·Ak and Ä an abbreviation for A3 · · ·Ak; define analogously ḃ and b̈, denote by

...
b the multi-index

b4 · · · bk, and set ZA
b := Z[A1

b1 · · ·ZAk]
bk . (Recall that the musical isomorphism V∗ ∼= V determined by H induces

an isomorphism Λ2V∗ ∼= so(p+ 1, q + 1). The notation in this section is chosen to be compatible with the notation
in the above section giving results for the adjoint representation.)

QA
ḃ := kY[A1

ZȦ]
ḃ ∈ ΛkV∗ ⊗ Λk−1Rp,q[−k]

RA
b := ZA

b ∈ ΛkV∗ ⊗ ΛkRp,q[−k]

SA
b̈ := k(k − 1)Y[A1

XA2
ZÄ]

b̈ ∈ ΛkV∗ ⊗ Λk−2Rp,q[−k + 2]

TA
ḃ := kX[A1

ZȦ]
ḃ ∈ ΛkV∗ ⊗ Λk−1Rp,q[−k + 2].

If we denote the operators defined for a given k by (Qk)A
ḃ (and similarly for the other operators), then the

operators for various k are related by the special cases

(Q1)A = YA, (R1)A
b = ZA

b, (T1)A = XA,

and (for appropriate k) the contraction identities

Y A1 ZA1
c XA1

(Qk)A1Ȧ
ḃ 0 −δ[b2c(Qk−1)Ȧ

b̈] (Rk−1)Ȧ
ḃ

(Rk)A1Ȧ
b 0 δ[b1c(Rk−1)Ȧ

ḃ] 0

(Sk)A1A
b̈ −(Qk−1)Ȧ

b̈ δ[b3c(Sk−1)Ȧ
...
b ] (Tk−1)Ȧ

b̈

(Tk)A1A
ḃ (Rk−1)Ȧ

ḃ −δ[b2c(Tk−1)Ȧ
b̈] 0

.

and the wedge product identities

YA0
ZA0

c XA0

(Qk)A
ḃ 0 −k(Qk+1)A0A

cḃ −(Sk+1)A0A
ḃ

(Rk)A
b (Qk+1)A0A

b (k + 1)(Rk+1)A0A
cb (Tk+1)A0A

b

(Sk)A
b̈ 0 (k − 1)(Sk+1)A0A

cb̈ 0

(Tk)A
ḃ (Sk+1)A0A

ḃ −k(Tk+1)A0A
cḃ 0

.

denote, for example, (Y ∧ (Rk)b)A0A = (Qk+1)A0A
b.

The nonzero full traces on the tractor indices A of these operators are

QA
ḃTA

ċ = kδ[b2 [c2 · · · δ
bk]

ck]

RA
b1···bkRA

c1···ck = δ[b1 [c1 · · · δ
bk]

ck]

SA
b2···bk−1SA

c2···ck−1
= −k(k − 1)δ[b2 [c2 · · · δ

bk−1]
ck−1].
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So, we can extract the components of a general tractor k-form

BA := ωḃQA
ḃ + φbRA

b + µb̈SA
b̈ + τbTA

ḃ

via

ωḃ =
1

k
TA

bBA = XA1ZA2
b2 · · ·ZAk

bkBA

φb = RA
bBA = ZA1

b1 · · ·ZAk
bkBA

µb̈ = − 1

k(k − 1)
SA

b̈BA = XA1Y A2ZA3
b3 · · ·ZAk

Ak
BA

τḃ =
1

k
QA

ḃBA = Y A1ZA2
b2 · · ·ZAk

bkBA.

In particular, we can write the identity map δA
C on ΛkV∗ as

δA
C =

1

k
QA

ḋTC
ḋ +RA

dRC
d −

1

k(k − 1)
SA

d̈SC
d̈ +

1

k
TA

ḋQC
ḋ.

The actions of T c on the injectors are given by

(T c ·Qḃ)A = −RA
cḃ +

1

k
gc[b2SA

b̈]

(T c ·Rb)A = gc[b1TA
ḃ]

(T c · Sb̈)A = (k − 1)TA
cb̈

(T c · T ḃ)A = 0.

4.2. The Kostant codifferential. The relevant Kostant codifferential in degree 1 is the map

∂∗ : p+ ⊗ ΛkV∗ → ΛkV∗

given by (the restriction of) the standard action of g, which is given by the action of TC on the injectors. As in
the adjoint case, we wish to identify ∂∗(η⊗B)A = (ηcT

c ·B)A as a contraction of (η⊗B)bC = ηbBC with a natural
tractor tensor, which we denote (∂∗)A

bC, in (ΛkV∗)⊗ (p+ ⊗ ΛkV∗)∗ ∼= ΛkV∗ ⊗ (g/p)⊗ ΛkV. By linearity this will
characterize ∂∗. Using the above formula for the identity δCA on ΛkV∗ gives

BA = δA
CBC

=

(
1

k
QA

ḋTC
ḋ +RA

dRC
d −

1

k(k − 1)
SA

d̈SC
d̈ +

1

k
TA

ḋQC
ḋ

)
BC.

Substituting gives

(∂∗)A
bCηbBC = ∂∗(η ⊗ B)A

= ηb(T
b · B)A

= ηb

(
1

k
(T b ·Qḋ)AT

C
ḋ + (T b ·Rd)AR

C
d −

1

k(k − 1)
(T b · Sd̈)AS

C
d̈ +

1

k
(T b · T ḋ)AQ

C
ḋ

)
BC.

So, using the above formulae for the actions of T c on the injectors gives

(∂∗)A
bC =

[
gc[d1TA

ḋ]RC
d −

1

k
TA

cd̈SC
d̈ +

1

k

(
−RA

cḋ +
1

k
gc[d2SA

d̈]

)
TC

ḋ

]
.

4.3. The normal tractor k-form connection. Using the usual formulae for the normal tractor covariant deriva-
tives of XA, ZA

b, Y
A gives formulas for the derivatives ∇eUA:

∇cQA
ḃ = kPcdRA

dḃ − P [b2
cSA

ḃ]

∇cRA
b = −δ[b1cQA

ḃ] − Pc
[b1TA

ḃ]

∇cSA
b̈ = (k − 1)QAc

b̈ − (k − 1)PcdTA
db̈

∇cTA
ḃ = kRAc

ḃ + δ[b2cSA
b̈].
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Thus, in components, the covariant derivative of a general tractor k-form is

∇bBA = ∇c(ωḃQA
ḃ + φbRA

b + µb̈SA
b̈ + τḃTA

ḃ)

= [ωḃ,c − φcḃ + (k − 1)gc[b2µb̈]]QA
ḃ + (φb,c + kPc[b1ωḃ] + kgc[b1τḃ])R

b
A

+ (µb̈,c − Pc
dωdb̈ + τcb̈)SA

b̈ + (τḃ,c − Pc
dφdḃ − (k − 1)Pc[b2µb̈])TA

ḃ.

Again for convenience, for a given adjoint tractor BA we denote the components of the covariant derivative∇bBA

by

αḃc := ωḃ,c − φcḃ + (k − 1)gc[b2µb̈]

βbc := φb,c + kPc[b1ωḃ] + kgc[b1τḃ]

γb̈c := µb̈,c − Pc
dωdb̈ + τcb̈

ζḃc := τḃ,c − Pc
dφdḃ − (k − 1)Pc[b1µb̈]

so that

∇cBA := αḃcQA
ḃ + βbcRA

b + γb̈cSA
b̈ + ζḃcTA

ḃ.

4.4. The splitting operator for ΛkV∗. As in the adjoint case, to compute the splitting operator L0 : Γ(Λk−1T ∗M [k])→
Γ(ΛkT ∗) with respect to the splitting determined by a choice of scale, we compute

(∂∗∇B)A

for a general adjoint tractor B. Expanding gives

(∂∗∇B)A = (∂∗)A
bC∇bBC

=

[
gb[d1TA

ḋ]RC
d −

1

k
TA

bd̈SC
d̈ +

1

k

(
−RA

bḋ +
1

k
gb[d2SA

d̈]

)
TC

ḋ

]
· (αėbQC

ė + βebRC
e + γëbSC

ë + ζėbTC
ė)

= −αḋbRA
bḋ +

1

k
gbd2αḋbSA

d̈ + [gbd1βdb + (k − 1)γd̈d2
]TA

bḋ.

We now impose the condition ∂∗∇B = 0. Contracting with RA
e1···ek and substituting the expression for α in terms

of the components of B gives

0 = −α[e]

= −[ω[ė,e1] − φe + (k − 1)g[e1e2µë]].

The third term vanishes by symmetry, so rearranging gives

φe = ω[ė,e1].

Instead contracting with SA
b̈ gives

0 =
1

k
gbe2αėb

=
1

k
gbe2 [ω[ė,b] − φbė + (k − 1)gb[e2µë]].

The second term in brackets vanishes by skew-symmetry, and we can expand the third term according to the
position of the index e2 as

(k − 1)gb[e2µë] = gbe2µë − (k − 2)gb[e3µ|e2|
...
e ,

and the gbe2-trace of this term is just (n− k + 2)µë, so substituting and rearranging gives

µë = − 1

n− k + 2
ωbë,

b.

Finally, contracting instead with QA
ė gives

0 = k[gbdβdėb + (k − 1)γëe2 ]

= k[gbd(φdė,b + kPb[dωė] + kgb[dτė]) + (k − 1)(µ[ë,e2]P
b
[e2ω|b|ë] + τė)]

Decomposing the second term according to the position of the index d gives

kPb[dωė] = Pbdωė − (k − 1)P b
[e2ω|b|ë],
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and one can treat the third term separately. Carrying out the contraction with gbd and collecting like terms then
gives

0 = k[φbė,
b − 2(k − 1)P b

[e2ω|b|ë] + P b
bωė + (k − 1)µ[ë,e2] + nτė],

and solving for τė yields

τė = − 1
n [φbė,

b − 2(k − 1)P b
[e2ω|b|ë] + P b

bωė + (k − 1)µ[ë,e2]].

Using the value of φe determined above, the first term in brackets is

φbė,
b = (ω[ė,b]),

b =

(
1

k
ωė,b −

k − 1

k
ωb[ë,e2]

)
,
b =

1

k
ωė,b

b − k − 1

k
ωb[ë,e2]

b

Similarly,

µ[ë,e2] =

(
− 1

n− k + 2
ωb[ë,

b

)
,e2] = − 1

n− k + 2
ωb[ë,

b
e2].

Substituting this in the expression for τė gives

τė = − 1

n

[
1

k
ωė,b

b − k − 1

k
ωb[ë,e2]

b − k − 1

n− k + 2
ωb[ë,

b
e2] − 2(k − 1)P b

[e2ω|b|ë] + P b
bωė

]
.

We have thus determined the normal splitting operator L0 : Γ(Λk−1T ∗M [k])→ Γ(ΛkT ∗) for the kth alternating
representation:

L0(ω)A = ωḃQA
ḃ + ω[ḃ,b1]

RA
ḃ − 1

n− k + 2
ωcb̈,

cSA
b̈

− 1

n

[
1

k
ωḃ,c

c − k − 1

k
ωc[b̈,b2]

c − k − 1

n− k + 2
ωc[b̈,

c
b2] − 2(k − 1)P c

[b2ω|c|b̈] + P c
cωḃ

]
TA

ḃ.
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