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Abstract

Parallel tractor extension
and metrics of split Ga holonomy

Travis Willse

Chair of the Supervisory Committee:
Professor C. Robin Graham

Department of Mathematics

Nurowski showed that a maximally nonintegrable 2-plane field on a 5-manifold induces
a natural conformal structure of signature (2,3) on that manifold. We show that in the
real-analytic case, applying the Fefferman-Graham ambient construction to the conformal
structures produced this way on oriented manifolds always yields metrics with pseudo-
Riemannian holonomy contained in the split real form Gs of the exceptional Lie group Gg.
We furthermore show that such metrics have holonomy equal to Go generically, in the sense
that if the holonomy of such a metric is a proper subgroup of Go, then the 7-jet of the
underlying 2-plane field at any arbitrary point must be contained in some proper subvariety
of the 7-jet space there. This construction hence yields an infinite-dimensional family of
metrics with holonomy equal to Go. Both the containment and the genericity statements

generalize results of Leistner and Nurowski.

To prove the containment, we prove the general result that any parallel tractor tensor
on an n-dimensional, general-signature conformal structure, n > 3, admits an extension
to a tensor on the ambient space parallel in a weak sense: If n is odd, there is always an
extension to an tensor on the ambient space parallel to infinite order, and if n is even there
is an extension parallel to order %n — 1. In particular, if n is odd and the underlying data
is real-analytic, then there is a bona fide parallel extension for any real-analytic ambient

metric. Hammerl and Sagerschnig produced for any 2-plane field on an oriented 5-manifold






a parallel tractor 3-form suitably compatible with the tractor metric, so the extension result
produces a parallel 3-form on the ambient manifold compatible with the ambient metric,
the existence of which is equivalent to the containment of holonomy in Go < SO(3,4).

We also investigate parallel extension to infinite order when n is even, in which case
existence of such extensions is generally obstructed, and we show that the parallel extension

result yields a family of necessary integrability conditions for parallel tractor tensors of any

type.






TABLE OF CONTENTS

Page

0.1 Introductionl. . . . . . . . . . . . 1
[I.1 Notationl. . . . . . . . . . . e 8
|Chapter 1: Background| . . . .. ..o o 9
[1.1 Parabolic geometry|{. . . . . . . . . ... 9
(1.1.1  Klein geometries] . . . . . . . . . .. ... Lo 9
[1.1.2  Cartan geometries| . . . . . . . . . . . . . e 10
[1.1.3  Parabolic geometries| . . . . . . . . .. ... .. oL 15

[1.2  Conformal and ambient geometry|. . . . . . . .. ... ... L. 23
[1.2.1  Young diagrams and irreducible GL(V)- and O(h)-representations| . . 23
[1.2.2  Geometric preliminaries| . . . . . . . . . . ... ... ..., 26
[1.2.3  Conformal geometry and the metric bundle| . . . . . . .. .. ... .. 27
[.2.4 Conformal geometry as parabolic geometry of type (0(p + 1, ¢ + 1), P)| 30
(L.2.5 The Fefferman-Graham ambient construction . . . . . . ... ... .. 31
(.26 Ambient curvaturel . . . . . . . .. 35

1.3 Conformal tractor geometry| . . . . . . . . . ..o 37
(L.3.1 Ambient formulation of the tractor bundlel. . . . . . .. ... ... .. 38
[1.3.2  Splitting of the tractor bundle induced by a conformal representative|. 41
[1.3.3  Conformally Einstein metrics| . . . . . . . . .. .. .. ... .. 46
(1.3.4 Higher-rank tractor tensors| . . . . . . . . ... ... ... .. ..... ol

[1.4 The groups Gooand P| . . . . . . . .. ... .. 57
(1.4.1 The group Gof. . . . . . . . . . . . 57
[1.4.2 The Go cone and the induced model geometry| . . . . ... ... ... 64

[1.5  Generic 2-plane fields on 5-manifolds| . . . . . . . ... ..o 69
[1.5.1  Geometry of generic 2-plane fields on 5-manitolds|. . . . . . . . . ... 70
[1.5.2  ODE realization of the geometry and a quasi-normal form|. . . . . . . 74
(L.o.3  Nurowski’s canonical conformal structurel . . . . . .. ... ... ... 76
(Lb.4 Cartan fundamental curvature tensorf. . . . . . . . . . . .. ... ... 79

[1.6 Holonomy| . . . . . . . . . . . e 82




[1.6.1 Pseudo-Riemannian holonomy| . ... ... ... ... ... ...... 82

[1.6.2  Normal contormal and ambient holonomy| . . . . .. .. ... ... .. 87

[1.6.3  Leistner and Nurowski’s examples| . . . . ... ... ... ... .... 88
|Chapter 2: Parallel tractor extension| . . . . . .. .. ... ... L. 92
2.1 T'he Parallel Tractor FExtension Theorem|. . . . . . . . . ... ... ... ... 92
2.1.1 The main theorem| . . . . . . . .. ... ... Lo 92

[2.1.2  Holonomy reduction of ambient metrics| . . . . . .. .. ... ... .. 102

2.2 T'he critical order for mevenl. . . . . . . . ... Lo 104
[2.2.1  Determining tractor tensors| . . . . . . . . . ... ..., 104
|[Chapter 3: Applications|. . . . . . . . . .. 115
[3.1 'The ambient holonomy of Nurowski contormal structures| . . ... ... ... 115
3.1.1 Gog holonomy| . . . ... ... .. ... o 115

8.1.2 Finstein Nurowski conformal structuresl . . . . ... ... ... .. .. 126

[3.2 Integrability conditions for parallel tractor tensors] . . . . . . ... ... ... 131
321 Odddimensionl . . . . . . . . . .o 131

B8.22 Fven dimension|. . . . . . . . .. .. e 135

[3.3  Outlook: Parallel extension and special holonomy|. . . . . . . ... ... ... 137
Bibliography| . . . . . . . . 141
[Appendix A: . . . . . e e 145
[A.1 Nurowski’s formula for a representative ot the induced conformal class| . . . . 145
[A.2 Tensorial data for Leistner and Nurowski’s examples| . . . . . ... ... ... 146

ii



ACKNOWLEDGMENTS

I am indebted to my adviser, Robin Graham: His direction, encouragement, and patience
made this project possible. I thank my committee—Jack Lee, Dan Pollack, Paul Smith,
Steve Ellis, and previously, Dam Thanh Son—for their time and support of my work. My
work has benefited from helpful conversations with many other people, especially Robert

Bryant and Matthias Hammerl.

iii



DEDICATION

To Elfriede Wickerham, and to John and Catherine Willse.

iv



0.1 Introduction

In his celebrated but difficult 1910 “five variables” paper |[Carl0], Cartan studied the geom-
etry of 2-plane fields on 5-manifolds satisfying a maximal nonintegrability condition called
genericity and solved the associated equivalence problem. This investigation included the
most involved application of his equivalence method by that time, and it revealed a striking
connection between these structures and the exceptional complex Lie algebra g(QC. In fact,
earlier Cartan and Engel simultaneously realized gg as the Lie algebra comprising the vec-
tor fields whose flows preserve a particular (complex) 2-plane field on C® [Car93, Eng93|.
Taking an appropriate real slice analogously yields a (real) 2-plane field on R® preserved
exactly by vector fields constituting a Lie algebra isomorphic to the split real form go of gg.
In the real setting, Cartan’s solution to the above equivalence problem encodes a 2-plane
field on a (real) 5-manifold M in a P-principal bundle E — M together with a Cartan
connection w € I'(T*E ® g2), and the pair (F,w) is unique up to equivalence. Here, P is a
certain group realizing a certain parabolic subalgebra p < go, and in modern language, one

calls the pair (E,w) a parabolic geometry of type (ga, P).

The group GS realizing g5 and its real forms G$ (the compact form) and Ga (the
split form) occur naturally in other fundamental settings, too. In 1955, Berger produced
a list that contained all possible irreducibly acting holonomy groups of simply connected
pseudo-Riemannian manifolds that are not locally symmetric [Ber55|. Later investigations
shortened this list, showing that some of the groups Berger included only occurred for
symmetric spaces (Theorem here records this shortened list). All of GS, GS, and Gy
are on the list, and the latter two are the only groups on Berger’s List that can occur in odd
dimension other than the full group O(p, ¢)—in both cases, only in 7 dimensions. It remained
unknown whether all of the groups on the list actually occurred as the holonomy of some
metric until 1987, when Bryant resolved positively the outstanding cases [Bry87, Section 5],
including all three of these forms of Ga.

After this construction, metrics of holonomy G§ were studied intensively, including in
the physics literature, because of applications to string theory and supersymmetry |[Gub],

and Joyce used technically demanding analytic methods to produce the first examples of



compact Riemannian manifolds with that holonomy group. Metrics of holonomy equal to
the split form Gs received less attention.

Nurowski observed that, remarkably, any generic 2-plane field D on a 5-manifold M
induces a canonical signature-(2,3) conformal structure cp on M [Nur05]: Roughly, one
exploits the natural embedding Go < SO(3,4) to extend the Cartan connection associated
to D equivariantly to a normal conformal connection. We call any conformal structure that
arises via this construction a Nurowski conformal structure. Following Cartan, Bryant
and Hsu gave a proof that the plane fields D admit a local quasi-normal form [BH93|:
There always exist local coordinates (z,y,p,q,z) on M in which (the restriction of) D is
span{9y, 0y + pdy + q0, + F'0.}; moreover, for any smooth function F' on an open subset of
R® for which F, is nonvanishing, the corresponding 2-plane field Dy so defined is generic.
Nurowski’s construction is totally explicit in the sense that he gives a (formidable) formula
(A.1)) for a representative of the conformal structure induced by the plane field associated to
such a function F. With Nurowski’s construction in hand, one can ply the well-developed
theory of conformal geometry to investigate the geometry of generic 2-plane fields on 5-
manifolds.

Fefferman and Graham showed that any conformal structure ¢ can be canonically en-
coded in an essentially unique ambient metric [FG|. First, the metric bundle G — M, the
principal RT-bundle whose sections are representative metrics of the conformal structure
¢, enjoys a tautological, degenerate, symmetric bilinear form g. One then constructs a
signature-(p 4+ 1, ¢ + 1) metric § on some neighborhood M C G x R of G x {0} (which we
identify with G itself) that pulls back to g via the inclusion G < M. Requiring that g be
homogeneous and Ricci-flat is enough to guarantee weak notions of both uniqueness and
existence of such a metric: If n is odd, then there is an ambient metric that is Ricci-flat
to infinite order, and any two such ambient metrics agree to that order and up to a diffeo-
morphism that restricts to the identity on G. The same holds for even n, except that both
existence and uniqueness fail at order n/2.

In 2009, Leistner and Nurowski applied the ambient construction to the conformal struc-
tures ¢p induced by real-analytic plane fields D [LN10]. (For such plane fields, one may

choose the ambient metric of ¢p to be real-analytic, too; such a metric is Ricci-flat and is



unique up to extension and to diffeomorphisms that restrict to the identity on G.) Specif-
ically, they restricted attention to real-analytic 2-plane fields defined via the quasi-normal

form by the polynomial functions
Fla,b](z,y,p,q,2) = ¢* + a0 + a1p + agp” + azp® + asp® + asp’ + agp® + bz (1)

and showed by explicitly constructing appropriate parallel objects that the (real-analytic)
ambient metrics of the corresponding conformal structures have holonomy contained in
Go. They also devise specialized technical criteria (given here in Lemma that a
general 2-plane field D on a 5-manifold must satisfy if the ambient metric of the induced
Nurowski conformal structure has holonomy strictly contained in Gy. Finally, they use these
conditions to analyze the plane fields defined by the functions F'[a, b] by computing explicitly
tensorial data associated to representative metrics of the induced conformal structures and
show that, except for (ao,...,as,b) in an explicit, proper subvariety of R®, those ambient
metrics have holonomy equal to Go.

In this dissertation, we extend these results to all generic 2-plane fields on 5-manifolds
(equivalently, all Nurowski conformal structures). The following theorem, the first major

application in this work, appears later as Theorem [3.1.2

Theorem. Suppose D is a real-analytic, generic 2-plane field an orientable 5-manifold, let
cp be the Nurowski conformal structure it naturally induces, and let gp be a real-analytic
ambient metric of cp. Then, (possibly replacing gp with its restriction to some dilation-

invariant open subset ofM containing G) Hol(gp) < Ga.

We apply a covering space argument to produce an analogous result for nonorientable
manifolds.

After establishing this containment, we convert Leistner and Nurowski’s technical criteria
into pointwise polynomial conditions on a high-order jet of D (or more precisely, invoking
the quasi-normal form, of F') that must hold if the holonomy of the ambient metric is a
proper subgroup of Gg, and we show that the criterion is only satisfied on (a subset of)
a proper subvariety of the appropriate jet space at that point. This yields this following

genericity result, given here as Theorem It roughly says that in the space of real-



analytic, generic 2-plane fields D on oriented 5-manifolds, those whose Nurowski conformal

structures have ambient holonomy equal to Gy are dense.

Theorem. There is a dense subset S C Jg with the following property: If F(x,y,p,q, z) is
a real-analytic function whose 7-jet ng lies in S (and for which Fy, is nonvanishing) and
gr is a real-analytic ambient metric of the Nurowski conformal structure induced by Dp,

then Hol(gr) = Ga.

In general, producing metrics with holonomy G is difficult; this theorem shows that
generic 2-plane fields on orientable 5-manifolds furnish an infinite-dimensional family of
examples of such metrics. Moreover, the polynomial conditions exploited in the proof are
practical in the sense that they can be tractably exploited to construct large families of
metrics with holonomy Ga.

We prove the holonomy containment result using tractor geometry, which essentially
captures the zeroth-order information of the ambient construction. Given a signature-(p, q)
conformal structure ¢ on an n-manifold M, one can form the tractor bundle 7 — M, which
we define as the canonical rank-(n+2) vector bundle whose sections are the sections of T™M lg
homogeneous of degree —1 with respect to the natural R*-action on that space [CGO3].
Then the restriction of any ambient metric induces a natural (fiber) tractor metric g7 on
T and a tractor connection V7. (These objects are independent of the choice of ambient
metric.) This tractor connection is equivalent to the normal conformal connection of ¢,
whose central role in conformal geometry is analogous to that of the Levi-Civita connection
in pseudo-Riemannian geometry.

Just as for pseudo-Riemannian manifolds vis-a-vis the Levi-Civita connection, some ge-
ometric structures on conformal manifolds can be described by objects parallel with respect
to the tractor connection. For example, nonzero parallel sections of the tractor bundle T of
a conformal structure (M, c) (equivalently, the dual cotractor bundle, 7*, which we may
identify with 7 via g7) correspond to the so-called almost Einstein scales of the conformal
structure. This notion modestly generalizes the notion of Einstein scales of a conformal
structure, which by definition are in bijective correspondence with the Einstein representa-

tives of c. (In fact, the existence of an [almost] Einstein representative of a given conformal



structure is equivalent to the existence of a global solution to a certain second-order partial
differential equation on (M, g), where g € c is any representative metric; then, one can char-
acterize the tractor bundle as the subbundle of the 2-jet bundle over M defined pointwise
by that equation [BEG94].) Extending attention to parallel sections of tractor tensor
bundles, that is, subbundles of tensor powers of 7* (possibly with some indices raised),
yields other structures. Hammerl and Sagerschnig showed [HS09] the fact, recorded here as
Theorem that a signature-(2, 3) conformal structure on an orientable manifold admits
a parallel section of A3T* suitably compatible with the tractor metric (and necessarily of
so-called split algebraic type) iff it is induced by a generic 2-plane field on a 5-manifold,
that is, iff it is a Nurowski conformal structure.

One can realize G2 as the stabilizer of a 3-form of split algebraic type on a 7-dimensional
real vector space, so to show that the holonomy of a metric is contained in Go, it suffices to
show that it admits a parallel 3-form of that type. We have realized the tractor bundle as a
restriction of the ambient bundle, so to show that ambient metrics of Nurowski conformal
structures always have holonomy contained in Go, it suffices to show that the parallel
sections of A3T™* produced by Hammerl and Sagerschnig extend to parallel 3-forms on the
ambient manifold.

This extension problem led to the development of a much more general result, Theorem
which applies to all conformal structures of dimension n > 3. It guarantees that any
parallel section of a tractor tensor bundle extends to a section of the corresponding bundle
over the ambient space that is parallel at least to a certain explicit order; as for the ambient
metric itself, the parity of the dimension plays a critical role. In general, call a tensor X on
the ambient manifold an ambient extension of a tractor tensor x if Y|g= x and if X is

homogeneous with respect to the natural dilations of the ambient bundle.

Theorem (Parallel Tractor Extension Theorem). Let (M, c) be a conformal manifold of

dimension n > 3, and let ¢ be an ambient metric for c.

e If n is odd, any parallel tractor tensor x admits an ambient extension X satisfying

VX = 0(p™).



e If n is even, any parallel tractor tensor x admits an ambient extension Y satisfying

VX = 0(p"/?7).

Gover proved this previously for the special case of rank-1 tensors on odd-dimensional
manifolds [Gov10].

This theorem specializes in the case of odd n and real-analytic ¢ to the following, The-
orem (In particular, these hypotheses apply to the Nurowski conformal structures

induced by real-analytic plane fields D.)

Theorem (Parallel Tractor Extension Theorem: odd, real-analytic case). Let (M,c) be a
real-analytic conformal manifold of odd dimension, and let (M ,g) be a real-analytic ambient
manifold for c. Any parallel tractor tensor x admits a unique and real-analytic parallel

ambient extension X to an open neighborhood of G in M.

Chapter 1 comprises a detailed review of background material. Section [1.1] gives defi-
nitions and essential results for general Cartan and parabolic geometries and devotes some
special attention to the Cartan curvature of (normal) conformal geometry. Sectionrecalls
some basic facts about pseudo-Riemannian geometry and conformal geometry and reviews
the standard metric bundle of a conformal structure, conformally weighted vector bundles,
and related constructions. It then presents the Fefferman-Graham ambient construction for
a conformal structure, and in particular recalls several facts about the curvature of an ambi-
ent metric. Section [[.3] constructs the tractor bundle 7 of a conformal structure ¢ from the
ambient metric and develops the splitting of 7 induced by a choice of representative metric
of ¢, which will be used extensively, and then translates several constructions into the dual
language of cotractors, which for convenience will be predominantly used thenceforth. It
then recalls briefly the classical definition of the tractor bundle in terms of the conformally
Einstein condition and shows that the two formulations agree, and also extends some of
the constructions of the preceding sections to more general tractor tensor bundles. Section
constructs the groups Go and P and produces explicit representations of both of their
Lie algebras using the nonassociative algebra of split octonions, and it derives some of their
essential properties. Using the intrinsic geometry of that algebra, it describes explicitly the

model of the geometry of generic 2-plane fields on (oriented) 5-manifolds, or equivalently,



via the Cap-Schichl-Tanaka Theorem (recorded here as Theorem , parabolic geome-
tries of type (go, P) satisfying some normalization criteria. Section constructs several
objects naturally induced by a generic 2-plane field on a 5-manifold and describes the local
quasi-normal form for those fields that arises from ordinary differential equations of form
2= F(x,y,y',y", z), which will be essential in the proof of genericity of G2 holonomy for
the induced ambient metrics. It then describes Nurowski’s construction of a canonical con-
formal structure from such a plane field D in terms of parabolic geometry, and it constructs
the fundamental curvature tensor for the geometry of those fields, which can be regarded as
a section A € T'(S4D*), in terms of the Weyl curvature of the induced conformal structure.
Section defines and collects some key results about holonomy, including the local de
Rham decomposition of a metric into a product of a flat metric and metrics with indecom-
posably acting holonomy, as well as Berger’s List. It also collects several results special to
holonomy contained in Gg, including the technical lemma devised by Leistner and Nurowski
in their construction of metrics with holonomy equal to Gg, describes those metrics, and
sketches a proof of that equality.

Chapter 2 presents the Parallel Tractor Extension Theorem, which describes the exis-
tence of parallel ambient extensions of parallel tractors on a general conformal manifold.
Any Finstein representative of a conformal structure induces an canonical, bona fide Ricci-
flat ambient metric, and in this setting any parallel tractor tensor admits a parallel extension
for that metric (irrespective of real-analyticity and parity of dimension). Moreover, because
the canonical metric is explicit in this case, we can compute any such extension explic-
itly. The extension of the parallel cotractor associated to the Einstein representative itself
extends to a 1-form parallel with respect to the ambient metric, necessarily reducing the
holonomy of the ambient metric to a proper subgroup of O(p+ 1,¢+ 1). Section inves-
tigates the case of even n, in which the existence of parallel extensions is not guaranteed
beyond a certain critical order, and produces explicit conditions under which parallel tractor
tensors of certain types admit extensions parallel beyond that order for at most one choice
of ambient metric for the underlying conformal structure.

Chapter 3 describes some applications of the Parallel Tractor Extension Theorem. Sec-

tion shows that the holonomy of the real-analytic ambient metric of the conformal



structure induced by a real-analytic 2-plane field D on an oriented 5-manifold is contained
in Gg. It then shows, in the sense described above, that equality holds generically (Theo-
rem by producing the mentioned polynomial conditions on the fundamental curvature
tensor A of the plane field and the Cotton and Weyl tensors of the induced conformal struc-
ture cp. It describes, too, additional structure enjoyed by such an ambient metric in the
special case in which ¢p is Einstein. Finally, Section returns to the setting of general
conformal structures and uses the extension theorem to produce a large family of necessary
integrability conditions that a parallel tractor tensor of a given arbitrary type must satisfy.
Finally, Section suggests some possible directions for further extensions of the results in

this work from the point of view of producing metrics of special holonomy.

0.1.1 Notation

All objects in hypotheses are assumed to be smooth unless stated otherwise (in particular,
the loops that occur in the definitions of various notions of holonomy are assumed merely to
be piecewise-smooth), and all manifolds are assumed to be connected and have dimension
n > 3. For a manifold M we will sometimes denote spaces of sections of bundles over M as

follows:

E:=C"(M)
EY:=T(TM)
Elayay) =T (S"T* M)
Elayap) = T(A*T*M).
In particular, we will sometimes denote I'(T* M) by &,. We extend this notation throughout

this work. The notation A < B indicates that A is a subgroup of B and the notation a < b

that a is a Lie subalgebra of b. The symbols <, >, and > are defined analogously.



Chapter 1
BACKGROUND

1.1 Parabolic geometry

A Cartan geometry is a manifold endowed with data realizing it as a curved version of a
homogeneous space, generalizing the realization of Riemannian manifolds as curved versions
of Euclidean space. Roughly speaking, one attaches to each point of the manifold a copy
of the homogeneous space, and the additional data specifies how to connect the copies
attached to different points. In the special case that the homogeneous space is the quotient
of a semisimple Lie group by a parabolic subgroup, a Cartan geometry admits some special
algebraic features, and the Cartan geometry is called a parabolic geometry. In this section,

we largely follow [Cap06], [CS09b|, and [Sha97].

1.1.1 Klein geometries

Any Klein geometry, which is essentially a homogeneous space, defines a type of Cartan
geometry, and any Cartan geometry of that type may be regarded locally as a deformation

of that Klein geometry.

Definition 1.1.1. A Klein geometry (homogeneous model) is a pair (G, H) where G
is a Lie group and H < G is a closed (hence Lie) subgroup such that the quotient manifold
G/H is connected. The group G is the principal group and the quotient manifold G/H

is the space of the geometry.

By construction, the space of a Klein geometry (G, H) is a homogeneous space: G acts
transitively and smoothly on G/H on the left by a- (9H) = (ag)H. We may equivalently
regard a Klein geometry as a smooth right principal H-bundle G — G/H, where the bundle
projection is the natural quotient map G — G/H.

Two Klein geometries (G, H) and (G’, H') are geometrically isomorphic if there is a
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Lie group isomorphism ¢ : G — G’ such that p(H) = H'; by construction, ¢ is a bundle map
between the principal bundles of the two Klein geometries defined as in the last paragraph.

To specify a Klein geometry, we may also give a principal group G and a connected space
X on which G acts transitively, in which case H is the stabilizer of an (arbitrary) point in
X. Different choices of points yield conjugate stabilizers H and hence, taking ¢ to be an
appropriate conjugation, geometrically isomorphic Klein geometries.

The total space G of the bundle of a Klein geometry (G, H) admits a canonical g-valued
1-form (where g is the Lie algebra of G): By pushing forward by left multiplication and
applying the canonical identification T3qG <> g, the form identifies with g the tangent space
to each point of the group. This in turn canonically identifies the tangent spaces at all points
of G, and this form serves as a model for the data in a Cartan geometry that specifies how

tangent spaces are connected.

Definition 1.1.2. The Maurer-Cartan form of a Lie group G is the form wy;c € T'(T*G®
g) defined for X € T,G by

wye(X) i=dLy1 X. (1.1)

The Maurer-Cartan form induces a canonical trivialization TG — G x g via the identi-

fication

X — (WTG(X)awMC(X))7 (12)

where g : TG — G is the bundle projection.

1.1.2  Cartan geometries

Cartan geometries are curved versions of Klein geometries: Any Cartan geometry is in-
finitesimally equivalent at each point to the Klein geometry (G, H) on which it is modeled,
but may be locally inequivalent (that is, curved); this curvature, which is encoded as a
tensor that generalizes the Riemannian curvature, is a consequence of how nearby tangent
spaces in the geometry are identified, and this is in turn specified by the Cartan connection
of the geometry. By definition, Cartan connections generalize the Maurer-Cartan form on

the total space of the bundle G — G/H.
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Definition 1.1.3. Given a Lie algebra g and a Lie group H with Lie algebra h < g, a
Cartan connection of type (g, H) on a right principal H-bundle 7 : £ — M is a g-valued

1-form w : TE — g satisfying the following axioms:
1. (Ad-invariance) For all h € H,
Riw=Ad(h™) ow,

where Ry, is the right action map (for h), and Ad : H — GL(g) is a fixed representation
extending Ady : H — GL(b)

2. (Reproduction of the fundamental vector fields) For all Y € h = TiyH, w((y) =Y,
where (y € I'(TE) is the fundamental vector field corresponding to Y: Let A :

R — H be the unique 1-parameter subgroup with initial tangent vector Y'; we define
d

= —| Rpm-
Cy at |, o
3. (Absolute parallelism) For all e € FE, w restricts to an isomorphism

Wle: T.E — g.

The absolute parallelism condition ensures that the Cartan connection w identifies the
tangent space at each point of the total space E with g and thus the tangent spaces at
different points with one another, just as the Maurer-Cartan form on G identifies the tangent

spaces of that group, and hence defines a natural trivialization TE — F X g by
X = (mrp(X),w(X)), (1.3)

where mrg : TE — FE is the bundle projection.
A Cartan geometry is all of this structure taken together. (Note that, unlike in the
definition of a Klein geometry, the definition of a Cartan geometry refers only to the Lie

algebra g of the larger group G and so disregards the global topology of that group.)

Definition 1.1.4. Given a Lie algebra g and a Lie group H with Lie algebra h < g, a
Cartan geometry of type (g, H) is a pair (F — M, w), where E — M is a right principal
H-bundle, and w is Cartan connection of type (g, H) on E — M. A Cartan geometry of
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type (g, H) is also called a (g, H)-geometry or a (g, H)-structure on the base manifold
M.

One may define the category of Cartan geometries of type (g, H) by declaring a morphism
between two such geometries, (F — M,w) and (E' — M’ W), to be a principal bundle
morphism ® : F — E’ that respects the Cartan connection in the sense that ®*w' = w.
Given any morphism @ in this category, the absolute parallelism condition in the definition
of Cartan connection forces the tangent map T'® to be an isomorphism, and so both ® and
its base map are local diffeomorphisms. The geometries (E — M,w) and (E' — M’ ,w') are
equivalent (that is, isomorphic in this category) if there is a principal bundle morphism ®
that is a (global) diffeomorphism (or equivalently, if its base map is a global diffeomorphism).
They are instead locally equivalent near z € M and 2z’ € M’ if there are neighborhoods
U of z and U’ of 2’ such that (E|y— U,w|y) and (E};, — U’,w|yr) are equivalent.

After the Cartan connection w, the most important tensorial data associated to a Cartan
geometry (E — M,w) of type (g, H) is its curvature, K € I'(A’T*E ® g), the g-valued

2-form defined by the structural equation
K :=dw+wAw. (1.4)

Since w trivializes T'E by realizing it isomorphically as E x g, K (in fact, any differential
form on E) is determined by its values on the constant vector fields w=!(X), X € g.

Thus, we can equivalently describe the curvature by the map  : E — A?g* ® g defined by
R(u)(X,Y) = K (W™ (X) (u), 0™ (V) (u)); (1.5)

applying the invariant formula for the exterior derivative to this definition gives k(u)(X,Y) =
[(X,Y] — w(w 1 (X),w 1 (Y)])(u). If X € b, the constant vector field w™!(X) is the funda-
mental vector field (x by definition of the Cartan connection. The equivariance of w implies

that Lo w = (xJdw = —ad(X) ow, and thus for all n € I'(TE),

E(w ™ (X),n) = dw(w™ ! (X),n) + [w(w™ (X)), w(n)]
= —ad(X)(w(n)) + [X,w(n)]

=0.
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Since 7 is arbitrary and the fundamental vector fields span the vertical bundle, K is hor-
izontal (that is, it is annihilated by any vertical vector field). Thus, by construction,
descends through the quotient to a map E — A?(g/h)* ® g (also denoted k).

A Cartan geometry is called flat if K (equivalently, k) is identically zero. A Cartan
geometry is called torsion-free if K takes its values in the subalgebra b, the Lie algebra of
the group H (equivalently, if » takes its values in A%(g/h)* ® b). So, a Cartan geometry is

torsion-free iff the image of k under g — g/b is trivial.

Ezample 1.1.5 (Model geometry). The Klein geometry (G, H) endowed with the Maurer-
Cartan form wpyec of G can  be regarded as the Cartan geometry
(G — G/H,wyc) of type (g, H), where g is the Lie algebra of G. If G realizes g, we
call (G — G/H,wpc) a model geometry of type (g, H), and its base is called the model
space (of that type); by construction, the model space is determined up to universal cover.

The Maurer-Cartan identity

dwyre + wye Awye =0 (1.6)

then simply asserts that the model geometry is flat, so such a geometry is also called a flat

model.

The group G acts transitively on G/H and preserves wy;c, so a model geometry is
locally equivalent to itself near any points gH, ¢'H (via Lyg-1). So, if a Cartan geometry
(E — M,w) of type (g, H) is locally equivalent to the model geometry near z € M and
gH € G/H, then it is locally equivalent near z to the model geometry at every point. We
say that (E — M,w) is locally flat if for every € M it is locally equivalent near x to
a model geometry at any (equivalently, every) point; pulling back to the universal cover
of any model space shows that this characterization is independent of the choice of model
geometry. In this sense, we may (locally) regard any other geometry of type (g, H) as a
deformation of the model geometry. One can show that the curvature of a Cartan geometry
vanishes identically if and only if it is locally flat, so we may regard the curvature as an
(again, local) measure of that deviation from the flat model.

Several familiar geometric structures can be realized as (that is, are essentially equivalent

to) Cartan geometries for specific choices of the pair (g, H). The first three examples below
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are discussed thoroughly in [Sha97].

Ezample 1.1.6 (Riemannian geometry). A torsion-free (ao(n),O(n))-structure contains the
same information as a Riemannian structure, that is, a Riemannian metric, on the base
n-manifold. Here, AO(n) = R™ x O(n) is the group of isometries of R and ao(n) is its Lie
algebra. A flat model of the geometry is the space AO(n)/O(n) = R™ endowed with the

standard Euclidean metric.

Ezample 1.1.7 (Conformal geometry). There is a canonical bijection between
(o(p 4+ 1,q + 1), P)-geometries satisfying a condition called normality (see the discussion
of this geometry in Example and conformal structures of signature (p, q), that is,
equivalence classes of signature-(p,q) pseudo-Riemannian metrics on manifolds M, where
two metrics are in the same class iff one is a positive, C°° (M) multiple of the other. Here, P
is the stabilizer in O(p + 1, ¢+ 1) of a null ray in RPT14+1 One flat model of the geometry
is the space of null rays in RPT19%! endowed with the conformal structure inherited from
the standard pseudo-Riemannian metric on RPT14%1: we may identify this structure with
the product SP x S? endowed with the conformal class containing the product g, ® (—gq) of
the round metrics g, and g, on SP and SY, respectively. (See Example and Subsection

for further details of parabolic geometry of this type.)

Ezample 1.1.8 (Projective geometry). One may canonically associate to each normal (sl(n-+
1,R), S)-structure a torsion-free projective structure on the base manifold, that is, a
projective equivalence class of torsion-free linear connections on the base, where two
connections are in the same class iff they determine the same unparameterized geodesics.
Here, S is the stabilizer of a point in RP" under the standard action of SL(n + 1,R) on
that space. This association, however, is not a bijection in the way that the analogous
associations are for most other types of parabolic geometries; see the discussion of this
geometry in Example below. One flat model of the geometry is just RP" endowed
with the standard projective equivalence class (that is, the one containing the Levi-Civita
connection induced on RP" by realizing it as the quotient S"/Zy of S™ with the round

metric, where the nonidentity element in Zs acts antipodally).

Ezxample 1.1.9. One can also realize oriented analogs of Riemannian and conformal struc-
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tures as Cartan geometries. For example, one may identify torsion-free (aso(n), SO(n))-
geometries with Riemannian metrics on oriented manifolds, where aso(n) is the Lie algebra
of the group ASO(n) = R™ x SO(n) of orientation-preserving isometries of R"; the model
space is ASO(n)/SO(n) = R".

For any Lie group G containing H and realizing g, one may canonically extend the
Cartan connection w to a connection on a principal G-bundle canonically defined in terms
of the given bundle & — M, taking the map Ad to be just Ady : G — G. To do this, one
forms the principal G-bundle E = E xy G, on which w extends equivariantly (and hence
uniquely) to a principal connection w. One may hence define the holonomy of the Cartan

geometry (E — M,w) to be the principal bundle holonomy of the extended connection @.

(See Subsection [1.6.2])

1.1.3 Parabolic geometries

Parabolic geometries are the special class of Cartan geometries (g, P) for which g is semisim-
ple and the Lie algebra p of P is a parabolic subalgebra of g.

We define parabolic subalgebras, then parabolic subgroups, and finally parabolic ge-
ometries, in terms of gradings and filtrations on g. One can endow semisimple Lie algebras
with gradings (and thus filtrations) that arise from their root decompositions, and so these
gradings and filtrations inherit in suitable ways the compatibility of those decompositions
with the Lie bracket. Then, on a parabolic geometry (E — M,w), the corresponding Lie
algebra grading induces a filtration on the tangent bundle of the base M via the Cartan

connection w.

Definition 1.1.10. A |k|-grading of a semisimple Lie algebra g (where k is a positive

integer) is a direct sum decomposition g = g_x @ - - - @ gx such that
1. For all indices i and j, [gi, 9] C gi+; (taking g; = {0} for |i| > k).

2. The subalgebra g_ := g_;®---®g_; is Lie-generated by the summand g_;. (Condition

(i) guarantees that g_ is indeed a subalgebra.)



16

3. The summands g_j and g; are both nonzero.

Note that any form « (in particular, the curvature ) that takes its values in a |k|-graded

semisimple Lie algebra (g;) can be decomposed uniquely as a sum

k
> (1.7)

i=—k

of forms «; taking respective values in g;.

Definition 1.1.11. The parabolic subalgebra associated to the |k|-grading (g;) of a
semisimple Lie algebra g is

pi=go® Do (1.8)

Condition (i) in Definition [1.1.10| guarantees that a parabolic subalgebra is in fact a
subalgebra. Similarly, the subspace n := g1 ® --- @ g induced by the grading is both a
subalgebra of g and a nilpotent ideal of p.

Like any grading of a vector space, a |k|-grading (g;) induces a canonical filtration
g=g">---2g, (1.9)

where g = g; @ --- @ gj. Since the |k|-grading respects the Lie bracket in the sense of
condition (i) of Definition [1.1.10, so does the filtration, that is, [g?, g’] C g**7 for all indices

i,j. Note that, by definition, n = g'.

Definition 1.1.12. A parabolic subgroup of a semisimple Lie group G realizing the

|k|-graded Lie algebra g is a subgroup P < G which is contained in
{g € G: (Vi) Ad(9)(¢") C o'} (1.10)
and contains the connected component of the identity of that group.

Definition 1.1.13. The Levi subgroup of a semisimple Lie group G corresponding to the

|k|-graded Lie algebra g and a choice of parabolic subgroup P < G is

Go:={g€G: (Vi) Ad(g)(g;) Cgi} N P. (1.11)
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By definition, G preserves the |k|-grading (g;) on g whereas P preserves the induced
filtration (g‘) (a weaker condition). The subgroup N = expn (which is contained in P) is
nilpotent, and one can show that P = Gg x N.

We are now prepared to define a parabolic geometry:

Definition 1.1.14. Given a |k|-graded semisimple Lie algebra g and a parabolic subgroup
P of a Lie group G realizing g, a Cartan geometry of type (g, P) is called a parabolic
geometry (of type (g, P)).

Via the Cartan connection on a parabolic geometry, the defining |k|-grading induces
filtrations on various bundles over M, including F’; we introduce some notation and language

for working with them.
Definition 1.1.15. A filtered manifold is a manifold S endowed with a filtration
TS=T""S2---DT7'S.
Such a filtration naturally induces a graded bundle gr(7'S) with summands
gr,(TS) :=T'S/T"'S

(we set T°S to be the vector subbundle of T'S containing only the zero vector at each point,

and we define T°S = T'S for i < —m); let
qi: T'S — gr,(TS)

denote the natural quotient maps.

Suppose that a filtered manifold respects the Lie bracket [-, -] in the sense that, for all
€ € T(T'S) and all n € T(T7S), [¢,n] € T(T*S), for all indices i,j. Since the filtration
indices are all negative, we have T°S,T7S C T**7*1S for all indices 4, j, and thus the natural
map ['(T"S) x T(T?S) — ['(gr;y,;(T'S)) defined by (£,7) = gi+;([§,n]) is induced by a tensor
map T'S x TVS — gr; +;(T'S). By construction, the value of the tensor depends only on the
classes of § and 7 in gr;(T'S) and gr;(T'S), respectively, so the map descends to a tensor
map gr;(T'S) x gr;(T'S) — gr;y;(T'S). These maps together define an antisymmetric tensor
operator

L:gr(TS) x gr(TS) — gr(TS)
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called the Levi bracket induced by the filtered manifold structure. By construction, the
restriction of £ to any point x € S defines a nilpotent, graded Lie algebra structure on
gr,(TS) called the symbol algebra of S at x.

Recall that the Cartan connection w of a parabolic geometry (E — M, w) of type (g, P)
induces a trivialization TE = E X g (see equation ) Thus, the filtration (g) associated

to the parabolic subgroup P induces a filtration

of TE with parts
T'E = w (g").
Since the adjoint P-action preserves the filtration (T°E) (because it preserves the filtration

g'), it induces a natural identification TM = E xp (g/p), and the subfiltration T-*E D

.+ D T71E induces a natural filtration
T*MD>... DT M.

This filtration then realizes T M as a filtered manifold compatible with the Lie bracket, and
so a parabolic geometry defines a Levi bracket £ on the resulting graded bundle gr(7'M).
Since the nilpotent subgroup N < P acts freely on E by construction, the quotient
Ey = E/N is a principal bundle over M with structure group P/N = Gy. The Cartan
connection w then induces a bundle map from Ej to the frame bundle of gr(7'M ), defining
a reduction of the structure group of that bundle to Ad(Gy). In particular, the Cartan
connection induces a refined (again, canonical) identification of vector bundles, gr;(T'M) =
Ey X, gi- Taking these together defines a canonical isomorphism gr(T'M) = Ey xg, g—,
and each fiber gr(7T,M) is a nilpotent graded Lie algebra canonically isomorphic to g_.
Moreover, since the Lie bracket on g, and hence that on g_, is Gp-invariant, it induces via

the above identification a (tensorial) map
{+-}: gr(TM) x gr(TM) — gr(TM)

called the algebraic bracket. This bracket is generally distinct from the Levi bracket

induced by the filtration, but the two agree in the cases of principal interest.
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Definition 1.1.16. A parabolic geometry (F — M,w) is regular if the induced algebraic

and Levi brackets are the same map.

Remark 1.1.17. For a regular parabolic geometry, the agreement of the two brackets induces
at each point x € M an isomorphism (of graded Lie algebras) between the symbol algebra

gr,(T'M) and g_.

Finally, any parabolic geometry (E — M,w) of type (g, P) admits a canonical adjoint
tractor bundle, AM = FE xp g, where P acts via the adjoint action. Since the associated

filtration (g') is P-invariant, it induces a filtration
AFM > o APM

of smooth (constant-rank) subbundles, and each fiber is a filtered Lie algebra isomorphic to
(g"). The Cartan connection yields a canonical identification TM <+ E xp (g/p) and thus
an identification

TM + AM/A°M

So, the filtration (A*M) induces a filtration TM =T M > --- D T'M = M x {0} of TM
under the identifications T°M = A'M/A°M, and since AM is a quotient of TE, (T'M)
agrees with the previous filtration so denoted. The curvature function x may be realized in
a third way, namely, as an AM-valued 2-form on M: Direct computation shows that the
curvature function regarded as a map x : E — A?(g/p)*®g is P-equivariant (with respect to

the adjoint action), so it corresponds to a smooth section of the associated bundle, namely,

A*T*M @ AM.

Remark 1.1.18. One can show that a parabolic geometry is regular iff
w(T'M,TIM) ¢ AHIHN

In particular, a torsion-free geometry is necessarily regular, so regularity may be regarded

as a condition that the torsion of the parabolic geometry not be too severe.

The Killing form on g induces a duality between g/p and n = g', so the identification

TM = E xp (g/p) yields an natural isomorphism T*M = E xpn = A'M. So, each
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cotangent space 1M is a nilpotent Lie algebra whose bracket is the restriction of the
algebraic bracket of AM.

A primary reason for studying parabolic geometries is that they realize varied geometric
structures, both familiar and novel, in a common axiomatic framework. One would like to
establish bijective correspondences between (1) parabolic geometries of a particular type and
with a given base manifold and (2) the possible geometric structures of the corresponding
type on that base, but without additional restrictions, parabolic geometries have too much
freedom to admit such identifications. To resolve this disparity, and in particular to produce
the desired bijections for most parabolic geometries, one restricts attention to parabolic
geometries satisfying both the regularity condition above and one other technical condition.

To frame conveniently this second condition, one defines the homology of a parabolic
geometry (F — M,w) of type (g, P) induced by the homology of the underlying Lie algebra

g: For each [ > 0, define the (tensorial) boundary operator
O A'T*M @ AM — AT'T*M @ AM

by

l
(A Na)®@s) =Y (1) (ar A== AG A+ Aey) @ {au, )
=1

i—
) D {a gy Aar A NG A NG A Aa) ® s, (1.12)

1<J
where o, € T*M for r =1,...,l, s € AM, and {-,-} denotes the brackets induced by the
algebraic bracket on both AM and T*M = A'M. Computing directly shows that (9%)% = 0
and, restricting to each fiber, the quotients (ker 9*)/(im 0*) are the pointwise Lie algebra

homologies of Ty M with coefficients in A, M, respectively.

Definition 1.1.19. A parabolic geometry (E — M,w) (or the Cartan connection w) is

normal if 0*k = 0, regarding x as an AM-valued 2-form.

The above construction began with a generic regular parabolic geometry (F — M,w)
of type (g, P) and produced a particular geometric structure on M: a filtered manifold

whose symbol algebras are all isomorphic to g_ together with a reduction Ey — M of the
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graded bundle gr(T'M) to the structure group Ad(Gp) < Autg, g—; here, Autg, g— denotes
the group of automorphisms of g_ that preserve the grading. A fundamental result in the
theory of parabolic geometries is a theorem essentially due to Tanaka, but given here in a
form due to Cap and Schichl, which states that this construction may be inverted and, for

most types of parabolic geometry, uniquely so.

Theorem 1.1.20 (Cap-Schichl-Tanaka). [CS09b] Let g be a |k|-graded semisimple Lie al-
gebra, (T*M) a filtered manifold such that each symbol algebra is isomorphic to g_, and
Ey — M a reduction of gr(T'M) to structure group Ad(Go) < Autg g—. Then, there is
a regular, normal parabolic geometry (E — M,w) of type (g, P) for a suitable parabolic
subgroup P that yields the given data via the construction in this section. Moreover, if
Hi(n,g) is concentrated in nonpositive homogeneous degrees, then that parabolic geometry
is unique up to isomorphism. (Here Hyi(n,g) is the first Lie algebra homology group of n

with coefficients in g.)

When working with a particular type of parabolic geometry, the somewhat abstract
conditions of regularity and normality often reduce to more concrete ones. In particular, if
g is |1]-graded, parabolic geometries of a type (g, P) are vacuously regular.

Parabolic geometries are numerous and diverse.

Ezample 1.1.21 (Conformal structures). An (o(p+1,q+1), P)-structure (see Example
is normal if the zeroth-graded summand kg of its curvature (see equation ((1.7))) is tracefree
(equivalently, if it is formally Ricci-flat), that is, if (Ho)kikj = 0. Cartan constructed a
bijection between signature-(p,q) conformal structures and what are now called normal
(o(p + 1,q + 1), P)-structures. See Subsection for additional discussion of conformal
geometry as parabolic geometry; in particular, it shows that the parabolic subgroup P
corresponds to a |1|-grading of o(p + 1,¢ + 1), and so parabolic geometries of this type are

vacuously regular.

Ezample 1.1.22 (Projective structures). Any (sl(n+ 1,R), P)-structure (again, cf. Example
1.1.8]) yields a torsion-free projective structure. The parabolic P corresponds to a |1|-grading
of sl(n+1,R) and so is regular; the homology group Hi(n,sl(n+ 1,R)) is not concentrated

in nonpositive homogeneous degrees, though, so the Cap-Schichl-Tanaka Theorem does
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not uniquely determine a corresponding normal (sl(n + 1,R), P)-structure. When n > 1,
however, some other underlying data can be used to make a (unique) canonical choice among

the normal (sl(n 4+ 1,R), P)-geometries inducing a given torsion-free projective structure.

Remark 1.1.23. Besides projective structures, the only other types (g, P) of parabolic ge-
ometries with g simple for which Hp(n,g) is not concentrated in nonpositive homogeneous
degrees are the so-called contact projective structures, for which g = sp(2n,R) and P has a
certain isomorphism type. Thus, for all other types of geometries with g simple, the Cap-
Schichl-Tanaka Theorem establishes a bijective correspondence between the remaining data
of the hypotheses of that theorem (that is, the associated geometric structure) and normal,

regular parabolic geometries of the corresponding type.

Ezample 1.1.24 (Generic 2-plane fields on 5-manifolds). This is the example of principal
interest in this work. Let Go be the (algebra) automorphism group of the split octonions 0
and P < Gg the stabilizer of a null ray in Im O = R34 under the induced natural action of
G+ on that vector space. Cartan essentially showed, albeit in different language, that there is
a canonical bijection between regular, normal (g, P)-structures and oriented 2-plane fields
D on 5-manifolds such that [D, [D, D]] = T'M (see Definition[L.5.1] which defines the bracket
[A, B] of two plane fields) [Carl0]. The parabolic subgroup P is induced by a |3|-grading of
g2, so the regularity condition is not vacuous for this type of geometry. A model space is
S? x S3, and one flat model is a Go-invariant 2-plane field on this space. One can construct
a nonoriented analogue of this geometry by replacing P instead with the stabilizer P’ of a
null ray in Go XZsy. See Section for explicit constructions of the groups G2 and P, and
Section for details of this geometric structure.

Ezample 1.1.25 (Generic 3-plane fields on 6-manifolds). [Bry06] Bryant showed that there
is a canonical bijection between regular, normal (s0(3,4), Q)-structures and 3-plane fields E
on a 6-manifold that satisfy [E,E] = T'M. By construction, SO(3,4) acts naturally on the
6-dimensional projective subvariety Gro(3, R34) c Gr(3,R**) comprising the null 3-planes
in R*4; here, Q is the stabilizer of a null 3-plane under this action. The model space is
Gro(3,R3*4), and one flat model is a nondegenerate, SO(3, 4)-invariant 3-plane field on this

space. This type of geometry is formally similar to the 2-plane type discussed in the previous
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example, and so it admits analogs of many of the results in Section See Section [3.3] in

this dissertation for further discussion.

In this dissertation, we will always discuss parabolic geometries of these types in the
context of the corresponding underlying geometries, and so via Theorem [1.1.20] we will

always take them by hypothesis to be normal and regular.

1.2 Conformal and ambient geometry

1.2.1  Young diagrams and irreducible GL(V)- and O(h)-representations

In this section we review a simple diagrammatic system useful for (among numerous ap-
plications) parameterizing the irreducible representations of the general linear and orthog-
onal groups. We mostly follow Fulton and Harris [FH, Subsections 4.1, 15.3, 19.5], who
present the constructions only for vector spaces over C, though they apply unchanged to
vector spaces over any field of characteristic 0. Henceforth, all representations are finite-
dimensional by hypothesis.

For a fixed nonnegative integer r, a partition A of r is a sequence (r1,...,rs) of positive
integers such that ), 7, = and r; > --- > r5. (So, the only partition of 0 is the empty
sequence ().) We can depict a partition as a Young diagram, a collection of top-justified
columns of boxes with exactly r; boxes in the kth leftmost column. For example, the

partition (3, 1) of 4 corresponds to the Young diagram

(Young diagrams are often instead specified by giving instead the number of boxes in each
row rather than in each column. In that setting, the partition (r1,...,rs) as specified above
is the called conjugate partition of the corresponding Young diagram.) By convention,
the unique partition () of 0 is assigned the Young diagram with zero boxes, which we denote
..

A Young tableau is a Young diagram, say, corresponding to the partition A = (ry,...,rs)

of r, together with a bijective assignment, called a filling, of the numbers 1,...,r to the
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boxes of the diagram. For example, one filling of the above Young diagram is

1]2]

13
[4]
The symmetric group S, then acts transitively on the set of fillings of the diagram. Fix a
filling and define P < S, to be the subgroup comprising all the permutations that for each
row preserve the set of numbers assigned to the boxes in that row, and define ) < S, to be
the subgroup that similarly preserves each column. Let [F be a field of characteristic 0, and
in the group algebra FS,, define the elements

a) ‘= E €g

geP

by = Z sgn(g)eg.

9eQ

For any vector space V over F, S, acts on Q)" V by permutation of factors. Suppose that the
row lengths of the diagram are t; > --- > t,. By construction, the induced (right) action

of a) on @"V has image equal to
SV @8 VCR"V,

where the inclusion is given by grouping factors by row, and the action of by has image
AMV®-- @A*VC "V,

where the inclusion is given by grouping factors by column. We define the Young sym-

metrizer of the tableau to be the group element
cy:=ay- by €FS,.

Finally, we let Sy denote the corresponding Schur functor, which sends V to the image of
cx € End(Q"V),
SaV:=(®"V).c.

By construction, this image is a GL(V)-subrepresentation of "V, and any tensor in this
space has the symmetries preserved by cy. Different choices of Young tableaux with the
same underlying Young diagram yield different groups P and @ and different elements a, b,

and ¢ of End(@®" V), but give isomorphic representations S\V.
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Theorem 1.2.1. Suppose V is a vector space of dimension n over a field of characteristic
0. Then, the map A — S,V defines a bijective correspondence between the partitions for
which r1 < n (equivalently, the Young diagrams with at most n rows) and (isomorphism

classes of ) the irreducible representations of GL(V).

In particular, we may indicate any irreducible representation of GL(V) (up to isomor-

phism) just by giving the corresponding Young diagram. By construction,
S\VC STA"V @ - @ SEAV @ STV CAV®--- @A™V,

where d}, is the number of times the positive integer k£ occurs in the partition A.

Now, let V be as above and let h € S?V* be a nondegenerate, symmetric bilinear form.
In general, the restriction of an irreducible GL(V)-representation to the orthogonal group
O(h) of h is no longer irreducible, so we describe how to modify the above constructions to
yield an analogous parameterization of the irreducible representations of O(h).

Fix r; for each pair (p, q) of integers such that 1 < p < ¢ < r, define the linear contrac-
tion map

Dy V- @ PV

by
(b(p7q) :Ul®"'®U7'Hh(vpv/vq)vl®"‘®Up—l®vp+l"'®vq—l®vq+l®"'®v’r‘a

and denote the common kernel of these maps by

VM = m ker (P(p’q) .

1<p<q<r

For any partition (equivalently, Young diagram), the intersection
S[)\]V =vln S\V
is a representation of O(h), and we call any tensor in this space (totally) tracefree.

Theorem 1.2.2. Suppose V is a vector space of dimension n over a field of characteristic
0. The map A — SV defines a bijective correspondence between the partitions for which
r1 + re < n (equivalently, the Young diagrams whose first and second columns together

contain at most n bozxes) and the irreducible representations of O(h).
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We indicate the representation S|V of O(h) by giving the corresponding Young diagram
and marking it with a subscript 0. In the context of O(h)-representations, a Young diagram
without the subscript 0 just indicates the restriction of the GL(V)-representation SV to

O(h), which again need not be irreducible.

Ezample 1.2.3. The zero-box Young diagram e (equivalently, the empty partition §)) corre-

sponds to the trivial representation.

Ezample 1.2.4. The O(h)-representation [J.-.[], (equivalently, the representation induced
- =

by the partition (1,...,1) of r) is just the slgace SoV of tracefree, symmetric r-tensors.
|

Ezample 1.2.5. The O(h)-representation : (equivalently, the representation induced
L]

by the partition (r) of r) is just the space A"V of totally antisymmetric r-tensors. Now,

SV =S5()V, so these representations are irreducible.

Henceforth, we always take V = (R™)* for appropriate m.

1.2.2  Geometric preliminaries

Given a pseudo-Riemannian metric g of signature (p, q), the Levi-Civita connection V of g
is the unique torsion-free connection preserving the metric, that is, satisfying g, . = 0. The

Riemannian curvature R of g is the 4-tensor field defined by

Rdabcnd = 277a,[bc]

for all n, € &, and takes values in the representation BE{, so it satisfies the symmetries
Rabed = —Rpacd = —Rabde = Redab and Rgjpeq = 0. As an O(p, g)-representation, it decom-

poses as

=1 e [T}
0

Now, H} o s the representation comprising the tensors S satisfying the symmetries of H}

and also the tracefree condition S, ,° = 0, and [T is the space S? of symmetric 2-tensors.

The space S? is embedded in B} via the inclusion

A gD A,
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where @ is the Kulkarni-Nomizu product of symmetric 2-tensors defined by
(A ® B)abed = 2Ac(aBya + 2AapByc-

Then, the projections of the curvature tensor R onto the B}O and [TJ components are,

respectively,

Rabcd = Wabcd = (R —g0 P)abcd

Rabcd = (g @) P)abcd°

Here, W is called the Weyl tensor, and P is the Schouten tensor, which is a trace

adjustment of the Ricci tensor, Ry, := R, P is characterized by
Rap = (n_Q)Pab+Pddgab' (1‘13)
Also important in conformal geometry is the Cotton tensor,

C’abc = Labe — Pac,b~

By construction it takes values in the representation

blal

€] o

I

where the labeling indicates that it satisfies Cope = —Cach, Clapg = 0, and C,* = 0. For
n > 3, it is determined by the Weyl tensor via the divergence identity W, * = (3—n)Cheq-
Finally, the Bach tensor is defined by

By =C

a

c d
be, P* Wcabd

and takes values in the representation [T, that is, it satisfies By, = By, and B,* = 0.

1.2.8  Conformal geometry and the metric bundle

Given a manifold M, a conformal structure (or conformal class) ¢ is an equivalence
class of pseudo-Riemannian metrics on M, where g ~ g if there is some positive function

Q € € such that § = Q2g. The pair (M, c) is called a conformal manifold. Any choice
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g € cis called a representative metric of c. By construction, every metric in a conformal
class has the same signature and so we define the signature of a conformal class to be the
signature of an arbitrary representative g € c.

One can encode a conformal structure (of arbitrary signature) on a manifold by con-
structing a bundle whose fibers comprise the nondegenerate, symmetric, bilinear forms on
the respective tangent spaces determined by the conformal structure. (In this subsection

we partially follow [FG, Section 2].)

Definition 1.2.6. The metric bundle of a conformal structure (M, ¢) is the ray bundle
m:G—M

whose fiber G, is the ray of pseudo-inner products yielded by restricting representatives of

the conformal class to T, M, that is,

G = {9l 0 g € c}.

By definition, the (global) sections of G are exactly the representative metrics in the
conformal class, that is, there is a canonical identification ¢ <» I'(G). A choice of represen-
tative g € c trivializes G as the product M x R*, where the pair (z,t) is identified with
t?g, € G.

The dilations §° : G — G, s € R™, defined by

5%(x, g) = (, 5°g).

endow G with a principal RT-structure, via the action (z, g) - s = §°(x, g). The infinitesimal

generator of the dilations ° is the natural vector field
T:= &| & € I(TG). (1.14)

Via the trivialization G <» M x RT induced by the choice g € ¢, T = t0;.
The metric bundle can also be viewed as a natural setting for managing information
about homogeneity of conformal data on M. To this end, we use G to define another class

of bundles:
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Definition 1.2.7. For a weight w € R, the bundle of conformal densities of weight w

is the bundle D[w] — M with fiber
Dwly :={f:Ge = R: (%) f =s"f,s € RT}.

Trivially, any section f € I'(D]0]) is constant on the fibers of G, so we may identify D[0]
with M x R. By construction, D[w] ® D[w'] is naturally isomorphic to D[w + w'].
We can construct conformally weighted vector bundles by forming tensor products

with the bundles D[w]: For any real vector bundle V', denote
Viw] .=V @ Dlw].

By construction, sections of D[w] are just real-valued functions on G homogeneous of
degree w. So, via the usual identification of sections of associated bundles with equivariant
vector-valued functions on principal bundles, we may identify D[w] with the vector bundle
G X+ R induced by the representation Rt — GL(R) defined by s -t := s “t. This
identification suggests the alternate notation I'(V)[w] for the space I'(V]w]) of sections of
V[w]. Then, using the £ notation for spaces of sections of certain tensor bundles, we may
for example compactly denote C*°(M)[w] = T'(D]w]) by E[w] and T'(TM[w]) by £%[w].

Regarding a choice g € ¢ as a section M — G identifies sections of weighted conformal
density bundles with functions: If f € Ew], then fog € £. By construction, another
representative § = Q%¢ then identifies f with fog=Q%fog.

The metric bundle G also admits a tautological symmetric, bilinear form g € S?T*G,

defined for X, Y € T{, )G by

g(Xa Y) = h(dﬂ-(:c,h) (X)a dﬂ-(w,h) (Y))

We may naturally identify g with the conformal structure itself, and by homogeneity it is a
section in £, [2]. Via the identification G <> M x R* induced by a choice of representative
g € ¢, g is identified with t?g, where we suppress the notation 7* for the pullback of a tensor

on M to G.
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1.2.4  Conformal geometry as parabolic geometry of type (o(p+1,q+ 1), P)

In this subsection we elaborate on Examples [1.1.7] and [1.1.21] and collect more facts about

conformal geometry regarded as parabolic geometry.

In a basis in which a nondegenerate, symmetric, bilinear form on RP*1:4*! has the form

0 0 1
0 ha 0 |, (1.15)
1 0 0

the Lie algebra o(p + 1,q 4+ 1) of the orthogonal group preserving the bilinear form has
representation

A 2y 0

Xe ve —z¢ | :AERX"eRPMYG €o(h),Z, € (RM)" 5,

0 —-Xp -—X
where indices are raised and lowered with h. Computing brackets shows that decomposition

o(h) =g_1® go @ g1 indicated by the labeling

go 91 0
g1 g0 9-1 (1.16)
0 g1 9o

is a |1]-grading on o(h). If we take P to be the stabilizer of the null ray spanned by the
first basis vector, its Lie subalgebra coincides with the parabolic algebra corresponding to

the |1]-grading,

AN Z, 0
p=g0D g1 = 0 Y4 —z° |:AeR, Y] €o(h),Z € (R
0 0 —A\

We can identify this subalgebra with (RP9)* x co(h), where co(h) is the Lie algebra of the
(nonoriented) conformal group CO(h) := O(h)-R*. The corresponding nilpotent subalgebra
is
0 Z, O
n=g=4¢[0 0 -2z |:Z€ R,
0 0 0
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which we may identify with the abelian Lie algebra (RP:9)*.

For any conformal structure c, let (E ,w) be the corresponding normal parabolic geometry
of type (o(p+1,q+1),P), and let 6 € T'(E — M) be an arbitrary section. By construction,
¢ determines a representative metric g € ¢: One can realize E as a principal bundle over
the metric bundle G of ¢, and so there is a unique metric g, regarded as a section of G,
such that ¢ factors as ¢ = 1 o g for some section ¥ € F(E — G). Then, the pullback of
the curvature Q of & along an arbitrary section & € T'(E — M) is an o(p + 1, ¢ + 1)-valued

2-form on M and is given (suppressing the pullback notation) by

0 Caw 0
QabCD = 0 Wab Cd _Ccab ) (117)
0 0 0

where W and C' are respectively the Weyl and Cotton tensors of the induced representative
metric g [CS09bl Section 1.6]. Consulting (T.16) shows that we may identify the zeroth-

graded summand kg of the curvature x with the Weyl curvature.

1.2.5 The Fefferman-Graham ambient construction

The Fefferman-Graham ambient construction encodes a signature-(p, ¢) conformal structure
con a (p+ ¢)-manifold M in a signature-(p + 1, ¢ + 1) pseudo-Riemannian ambient metric
that is unique in a suitable sense. In this section we largely follow [FG].

The tautological 2-tensor g (see Subsection on the metric bundle G associated to
a signature-(p, ¢) conformal structure ¢ on a manifold M is degenerate. One can thicken G
to a (n 4 2)-manifold G x R, however, and then construct an ambient metric g of signature
(p+1,q+1) on that space that pulls back to g in a suitable sense, satisfies certain defining
conditions, and is defined on a suitable open subset M C G x R. Then, one can apply the
tools of pseudo-Riemannian geometry to such an extended metric to produce information
about the original conformal structure.

Let p denote the coordinate on the R factor of G x R. We identify the metric bundle,
G, with G x {0} C G x R via the inclusion ¢ : z — (z,0), and in this context G is called the

initial surface. Define for s € RT the dilations §° : G xR — G x R by 6°(gz, p) = (5%gz, p),
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which hence define a R*-action on G x R, and denote the infinitesimal generator of §° by
T = %]155. By construction §° and T extend the so-named maps and vector field on G.
Subsection [1.2.3| showed that choosing a representative g € ¢ yields a global trivialization of
G by identifying (z,t) € M x Rt with (x,t?g,) € G. Using this trivialization, we may give
points in G X R as triples (¢, z,p) € R* x M x R, which defines an embedding M — G x R
by z — (1,x,0); furthermore, §° is then given by 0°(t,x, p) = (st,z,p), and T is just t0;.
We use uppercase Latin indices, A, B, C, ..., for objects on G x R, and when we have chosen
a representative g € ¢, we use a 0 index for the metric bundle fiber (RT) factor, lowercase
Latin indices, a,b,c, ..., for objects on the M factor, and an co index for the R factor in
the induced identification.

Call a metric g of signature (p + 1,¢ + 1) on an open neighborhood M of G a pre-
ambient metric for a conformal structure (M, c) if 1*g = g and (6%)*g = s2g for s € R
(in particular, the latter condition requires that M be invariant under dilation). A pre-
ambient metric is straight if VT = idpa7, where V is the Levi-Civita connection of g.

Conformal geometry is fundamentally different in even and odd dimensions, and this is
especially clear from the viewpoint of ambient geometry: We define an ambient metric to
be a pre-ambient metric that satisfies an additional condition, but this condition depends
on the parity of the dimension. If n is odd, an ambient metric for a conformal structure
(M, c) is a straight, pre-ambient metric for that structure that is Ricci-flat to infinite order
along G.

The appropriate formulation for even n is more subtle: If Syp is a symmetric 2-tensor

field on an open neighborhood of G C M x R and m > 0, denote Sap = OXB(pm) if
(i) Sap=0(p");

(ii) for each z € G, (1*(p™™9))(2) = 7*s for some gy (. -tracefree s € SQT:(Z)M. (Here,

p~™S denotes the unique continuous extension of that tensor across G.)

If n is even, an ambient metric for a conformal structure (M, ¢) is a straight, pre-ambient

metric for that structure that satisfies Ric(g) = O, (p™/?71).
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If § is an ambient metric on M for the conformal structure (M, c), then the pair (M )

is called an ambient manifold for (M, c).

Theorem 1.2.8. [FG] If (M,c) is a conformal manifold of dimension n > 3, there is an

ambient metric g, and it is unique in the following sense:

e If n is odd, it is unique up to infinite order and up to pullback by a diffeomorphism
defined on a dilation-invariant neighborhood of G in G X R which commutes with the

dilations 6° and fizes G pointwise.

o If n is even, it is unique up to addition of terms satisfying OXB(p”/Q) and up to
pullback by a diffeomorphism defined on a dilation-invariant neighborhood of G in

G x R which commutes with the dilations §° and fizes G pointwise.

For conformal manifolds (M, ¢) of even dimension n > 4, the existence of ambient metrics
Ricci-flat to order higher than O(p™/2~1) is obstructed precisely by a conformally invariant
tensor, the ambient obstruction tensor, O. In fact, (M, c) admits an ambient metric Ricci-
flat to infinite order iff O = 0. For such n we define an infinite-order ambient metric
for a conformal manifold (M, ¢) to be a straight pre-ambient metric g for (M, c) for which
Ric(g) vanishes to infinite order. When n is even, any choice of infinite-order ambient metric

is determined by the curvature component ﬁooaboo,oo...oo, and this component may be freely
——

n/2—2
prescribed to be an arbitrary tracefree, symmetric 2-tensor (on M) whose divergence with

respect to the representative g € ¢ defining the splitting is equal to a natural 1-form that
depends on g.

If a given conformal class ¢ contains a real-analytic metric, then it determines a real-
analytic ambient metric unique up to the indicated order and up to diffeomorphism pre-
serving G pointwise. In particular, if n is odd, then ¢ determines a (real-analytic) ambient
metric unique up to diffeomorphism fixing G pointwise and up to extension.

The diffeomorphism invariance of an ambient metric can be broken by putting it into a
normal form with respect to a choice of representative metric g € ¢. Say that a pre-ambient

metric g on M is in normal form with respect to g if
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(i) foreach z € G, I, = M ({z} x R) is an open interval;
(ii) for each z € G, I, is a parameterized geodesic, with parameterization p — (z, p);

iii) under the identification G x R =2 R* x M x R induced by g, g|g= 2t dt dp + t%g.
g P

The following results specify exactly the uniqueness of ambient metrics in normal form.

Lemma 1.2.9. A straight, pre-ambient metric g of a conformal structure (M,c) is in

normal form with respect to a representative g € c iff it has the form
g =2pdt* + 2tdtdp + t?g, (1.18)

(in terms of the identification G x R =2 RT x M x R induced by g), where g, is a smooth
family of metrics on M parameterized by p that satisfies go = g.

For any pre-ambient metric g of a conformal structure (M, c) and a choice of representa-
tive g € ¢, there is a unique diffeomorphism ¢ that commutes with the dilations 6%, s € RT,

and fizes G pointwise such that ¢*q is in normal form with respect to g.

Theorem 1.2.10. [F'G, Theorem 2.9] Let (M,c) be a conformal structure, and choose a
conformal representative g € c. There is an ambient metric in normal form with respect to
g. If n is odd, g, is determined to infinite order at p = 0. If n is even, g, is determined

uniquely modulo O(p™?), and trg(ag/2|ogp) is determined.

In principle, one computes the coefficients of the power series » .-, pk) pk of g, induc-
tively by analyzing the conditions imposed on them by requiring that the Ricci curvature
vanish along the initial surface to increasing orders; in that sense, the Ricci curvature con-
dition propagates the initial data gy off G. The terms u*) of the general solution have only

been computed for the first several k. The first is
p) = 2P, (1.19)
Provided that n > 4, the second is

2 1
Mgb) = —74 — nBab + PacPcb. (120)
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The full sequence (M(k)) is known only for a few special classes of conformal structures.

One case in which the full sequence (p(¥)) is known is for Einstein conformal classes.
A metric is Einstein iff its Ricci curvature is a constant multiple of g, that is, it satisfies
the condition Ry, = 2A\(n — 1)ggp for some constant A, or, equivalently, P,;, = Agqp. The
constant A, which is just %Pdd, is called the Einstein constant of the metric. (Elsewhere,
2A(n — 1) is sometimes called the Einstein constant.) A conformal structure is Einstein if
it contains an Einstein representative.

If ¢ contains the Einstein representative g € ¢, say, with Einstein constant A, then c

admits a distinguished ambient metric g“®"; its normal form with respect to g is
G (t, @, p) 1= 2pdt* + 2t dt dp + t2g,, 9,(z) = (1 + Ap)2g(z). (1.21)

Computing shows that it is Ricci-flat. One can show that every KEinstein representative

g € c induces the same ambient metric (1.21]) up to diffeomorphism and infinite order.

1.2.6 Ambient curvature

We collect some facts here about the covariant derivative, %, and curvature tensor, R, of
an ambient metric g.
Fix a conformal structure ¢. Computing directly gives that the Christoffel symbols, fg B

of an ambient metric in normal form ([1.18) with respect to g € ¢ are:

0 0 0
f%B = 0 _%tgtlzb 0 (122)
0 0 0

U 0

Fap=| t716,° T%  39% (1.23)
0 %QCdgzl)d 0
0 0 t1

TXs=| 0 —gwtpdy 0 |- (1.24)
t=1 0 0

Everywhere, gq, denotes (g,)qp, and ’ denotes the derivative 9,,.
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We now compute the curvature R of an ambient metric ¢ in normal form with respect
to a representative g € ¢, specializing the indices according to the splitting A <> (0, a, c0).

Computing directly again using ([1.18)) gives
Ropep =0

Raped = 12 [Rabed — 5(9® ¢ )avea + 5(9acba — Guadhe)]

Rocped = %tQ[(glgC)d - (gl,)d)7c]

Recbeso = %tQ[gll)/c - %gefgl,;egéf]'

Here, g represents g, and R represents the curvature of that metric. Now, these expressions
depend on the choice of the ambient metric; however, since the sequence (u(k)) is determined
by a given g € ¢ (although just up to k = 5§ —1 for n even), and g% = k! %) the restrictions
R ABcD|g are independent of that extension, except that Eoobcoo depends on the choice of
ambient metric of ¢ for n = 4. Since R is homogeneous, no information is lost by restriction
to M C M, that is, to {t = 1,p = 0}. Using formulas and for, respectively,
p) and p? gives that the ambient curvature along M C M is given by

Roped|nr = 0

ﬁabcd’M = Wabed (1.25)

Rocbed|mr = Ched

Rocpeso|nr = —(n — 4) "' By
(The formula for ﬁoobcoo\ u holds only for n # 4.) Under changes of representative g € c,
tensors transform naturally under an action of O(p 4+ 1,¢ + 1).

Similarly, the components of the restrictions 651}2\ m of the covariant derivatives of R to

M C M are independent of the choice of ambient metric when n odd, and when n even
and the general formula for the component does not contain derivatives of g of too high an
order. The following gives a condition for n even for such a component to be independent

of the choice of ambient metric.
Definition 1.2.11. The strength ||A|| of a specialized index A in the splitting A <«
(0,a,00) is [[0]| := 0, |la|]| := 1, ||oo|| := 2. The strength of a multi-index A;--- A, of

specialized indices A, in the above splitting is ||A; - - - As|| :== D01 || Aul]-
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Proposition 1.2.12. [FG, Proposition 6.2] Suppose c is a conformal structure of even

dimension n > 4. Choose a specialization of the multi-index ABCDFE - - - Es; if
||ABCDE; -+ Eg|| <n+1,

then the component EABCD’EI...ES\M of VeR is independent of the choice of ambient metric

g of c.

The homogeneity of g induces a homogeneity of }NE, which implies identities for compo-
nents of the derivatives VSR whose multi-indices contain a 0 index in the above splitting.
By construction, with respect to the splitting induced by an arbitrary representative g € c,

TO = ¢ and T® = T = 0.

Proposition 1.2.13. The covariant derivatives VSR of a straight, pre-ambient metric g

satisfy
S
g _
T"Rapcp,EEs = — ZRABCEk,El~~~Ek_1Ek+1~~-Es (1.26)
k=1
F3 , >
T" RABCD,Ey--E;FE;11E, = —(i +2)RABcD,E, B,

s

- E : RABCDvEl"'EiEkEi+l"'Ek—lEk+1"'Es' (1'27)
k=i+1

1.3 Conformal tractor geometry

Thomas showed one can naturally encode a conformal structure in a vector bundle over
the underlying manifold of the structure, the tractor bundle |[Tho26|. This bundle enjoys
several interesting, equivalent formulations. We develop it in Subsection below using
the ambient construction; in Subsection [1.3.3| we show this formulation is equivalent to the
standard one found in the seminal reference [BEG94], then go on to derive more needed
properties of the bundle. The former perspective partially motivates the main theorem,
Theorem [2.1.2] and the latter emphasizes the role of Einstein metrics in the tractor con-
struction. Both perspectives emphasize a splitting of the bundle naturally induced by a
choice of representative metric in the conformal class, which enables efficient and explicit

computation; this splitting is described in detail in Subsection [1.3.2
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1.8.1 Ambient formulation of the tractor bundle

In this subsection we partly follow |[CGO03)].
Fix a conformal structure c of signature (p, ¢) and an ambient manifold (M ,g) of c. The

(standard) tractor bundle of ¢ is the rank-(n 4 2) bundle 7 — M, n = p + ¢, with fiber
To:={x € T(TMlg,) : T6*(x) = sx,s € R},

We call a section of T a (standard) tractor (or tractor field), and by definition we may
canonically identify it with a section in F(TM |g) homogeneous of degree —1. (Henceforth,
homogeneity always refers to homogeneity with respect to pullback by the dilations ¢°.)
Since g is homogeneous of degree 2, so is its restriction g|g, and thus for any «, 8 € T'(T),
Jlg(a, B) is homogeneous of degree 0, that is, constant on the fibers G,; hence, it defines
a fiber metric g7 of signature (p + 1,¢ + 1) on T, the tractor metric. We call the dual
bundle 7* of T the cotractor bundle and sections of it cotractors or tractor 1-forms.
The tractor metric identifies 7 and T*.

We denote indices on T by Latin uppercase letters, A, B,C,..., so that we may write
a standard tractor y as y4. In analogy with the £ notation described in the introduction,
we will sometimes denote T'(7") by €4 and T'(7*), by £4. We may form additional bundles
by considering arbitrary subbundles of the tensor powers Q" 7* ® ®rl T. We call such
bundles tractor tensor bundles and their sections tractor tensors (or tractor tensor
fields). For example, the subbundle A"7T* C ®" T* of totally antisymmetric tractor r-
tensors is a bundle whose sections we call tractor r-forms. Likewise, we call sections of
the subbundle S"7* C Q" T* of totally symmetric r-tensors simply symmetric tractor
r-tensors. We further extend the £ notation to include bundles of these types: £4,...,]
will denote I'(A"T™), and &4, ...4,) will denote I'(S"T™*). By definition, g’ € &ap)- Raising
an index of A%7T yields a distinguished tractor tensor bundle, the adjoint tractor bundle
A, which we can also denote Endgyew (7)) and may identify with so(7).

The tractor metric, together with the infinitesimal generator T of the dilations §°, nat-

urally yields a vector bundle filtration

T cTcT
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of 7, which thus induces a natural graded bundle,
gr(T) =T & (TTH & (T/T°).

We define the pieces of the filtration and identify explicitly the components of this grading
with objects on the base manifold.

Since T generates the dilations 6%, they preserve the line subbundle span{T} C T™M lg,
and we may furthermore regard span{T} as a subbundle 7' C T (which is g7 -null because
T is g|g-null). Now, sections of span{T} are precisely the vector fields of the form fT. Since
T is homogeneous of degree 0, it lies in £4[1]. So if fT € I'(T), we must have f € £[-1];

then, the map f +— fT defines a natural isomorphism
E[-1] =T(T),

and composing it with the inclusion 7' < T gives a map ¢ : D[—1] < T. This map and
the section map it induces, also denoted ¢, are both called the canonical injection of the
tractor bundle.

Since T is g7 -null, it is contained in its (rank-(n + 1)) orthogonal bundle 70 := (71)*,
completing the definition of the filtration.

We may easily identify the quotient 7/7°: Define the map Iy : 7 — D[1] by Iy : x4 —

xAT 4. By definition of 70, Iy vanishes precisely on 77, so IIy descends to an isomorphism
T/7° =~ D[1],

and thus we may regard it fiberwise just as the vector space reduction modulo 7°. We call
both Iy and the corresponding section map (also denoted Ily) the canonical projection
of the tractor bundle.

Finally, we identify the middle quotient, 79/7* of the natural filtration, completing our
description of the induced graded bundle gr(7). Consider any tractor X € I'(7T?), that is,
a section of I'(T'G) homogeneous of degree —1. Then, for any f € £[1], fX is a vector field
homogeneous of degree 0 tangent to G, so it is a lift of a unique vector field X e (TM) via

the projection G — M, defining a map 7° — T'M|[—1]. Since T spans the tangent space to
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the fibers of G, the kernel of the map comprises exactly the tractors in 7', and so the map

descends to an isomorphism

TOT" = TM[-1].

Rewriting this equation in terms of sections of TG C T™M |g and forming the tensor product
of both sides with D[1] (to move the weight to the other side of the equation) yields a
realization of the tangent bundle T'M, with fiber

ToM < {V €T(TG|g,) : d6*(V) =V,s > 0} /span{T}.

We show that via this identification, the Levi-Civita connection V of g to G defines a
natural connection V7 : £4x Y — £C. For an arbitrary point z € M and arbitrary sections
x € E4 and Z € &P, pick a section Z € T'(TG|g,) representing Z in the above realization;
define

Vix = Vx.

(On the right-hand side, y is regarded as a section of T M |g.) Though y is only defined
along G, Z is everywhere tangent to TG C T M|g, and so we can take the indicated covariant
derivative. Any other lift of Z to I'(T'G|g,) has the form Z + fT for some function f € £.
Then,

Vzep1X = VX + [Vrx.
Now, extend x arbitrarily to a section of T™ , which we also denote y, with the same

homogeneity, and regard T as the restriction of the infinitesimal generator, which we also

denote T, of the dilations §° on M. Then, on ]\7,
Vrx = %XT + [T, x] = %XT + Lrx;

since g is straight, %XT = x on G, and by homogeneity, Lty = —X, so 6@( = 0. Restricting
back to G gives that 6119( =0, so v 7X is independent of the lift Z of Z, and hence V7Z—X
is well-defined. Moreover, counting homogeneities shows that it is a tractor. Finally, V7
inherits linearity over £ in the £ argument and linearity over R in the £4 argument from
6, so it defines a connection as desired. Since 65 =0, we have V7 ¢7 = 0.

This connection gives rise to a natural curvature.



41

Definition 1.3.1. The tractor curvature is the tractor tensor R7 € I'(A2T*M @ A2T*)
defined by

(RT) o pX” = 2 oy

for all y € £4.

As with any vector bundle connection, to define the curvature of V7 we must specify the
connection on M with which it couples so that we can define the second covariant derivative
of a tractor. Let V be the Levi-Civita connection of an arbitrary representative g € ¢. Then,
define the covariant derivative V7 : T(T @ T*M) — T(T @ T*M ® T*M) of an arbitrary
section a @1 € (T @T*M) by VI (a®n) = VI a®n+ a® V. One can check that the

definition of R7 does not depend on the choice of g.

Remark 1.3.2. We may view the tractor bundle as a special case of a much more general
construction on a general parabolic geometry. For any conformal structure, let (E,w) be
the corresponding normal parabolic geometry of type (o(p + 1,q + 1), P) For this choice
of parabolic subgroup, we may identify the standard tractor bundle T with the associated
bundle E x RP+1a+1 induced by the restriction of the standard representation of O(p +
1,4 1) to P and 7' with D[—1]. Likewise, we may identify the adjoint tractor bundle

with the associated bundle E x ;, o(p 4 1,¢ + 1) induced by the adjoint representation.

1.3.2  Splitting of the tractor bundle induced by a conformal representative

Just as a choice of g trivializes G, it induces a splitting of 7T; this splitting makes convenient
some computations, and is furthermore used in the proof of Theorem The splitting is
equivalently given by an isomorphism 7 2 gr(7), or, via the identifications in the previous

subsection and passing to section maps,
EA Ell] @ E-1] @ E[-1].

Trivializing the weighted bundles using g then gives an (again, equivalent) isomorphism
EAZERE BE.
For a given conformal class ¢, fix a representative metric g. Then, to a tractor y € SA,

which we regard as a map G — T],\‘j]g, associate the map y o g; by definition, (x o g)(z) €
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T (%91)1\7 . We can compose with a diffeomorphism of M fixing G pointwise to assume that
g is in normal form with respect to g. Then, the splitting G x R «+ RT x M x R induces a
splitting T(G x R) <» TRT @& TM & TR. The coordinate vector fields d; and 9, trivialize
the factors TRT and TR, respectively, so, via this trivialization, the map x o g decomposes

as a formal vector function

x° g
Xa € o ’
X &

Here, x° and x> respectively denote the TR+ and TR factors, so that in local coordinates
(%) on M, x o g has representation x°9y + x?0s + X*0uo; alternately, denoting 9y := 0,
and O := 0,, the representation of x o g is just xA94. Restricting the normal form (T.18))

of g to G = {p = 0} gives that in this trivialization, the tractor metric is given by
9" (e, ) = @B + gapa® B + a>°.
The trivialization (x°, x%, x>)? of x o g associated to x depends on the choice of repre-
sentative g € ¢; we compute explicitly this dependence.

Proposition 1.3.3. Given a conformal structure ¢ and representatives g and § = e?Y g,
the representations (x°, x* x®)T and (Y°,X°,Xx>°)T in EA 2 EDE* @ E of a tractor x with

respect to g and g, respectively, are related by

X’ e 0 0 1 —-T, —37Y.Y° xX°
X l=]1 0 e’ o 0 &, b x* |- (1.28)
x> 0 0 ef 0 0 1 x>

Proof. This proof is adapted from that of [FG|, Proposition 6.5], which describes how com-
ponents of the derivatives of ambient curvature vary with the choice of conformal represen-
tative. Let g be an ambient metric in normal form relative to g, so that ¢ has the form
(1.18)). Then, there is a unique homogeneous diffeomorphism ¢ of M fixing G pointwise,
and with respect to which ¢*g is in normal form relative to g, so that g also has the form
(1.18) (now in coordinates (;5\, Z,p). The two trivializations satisfy t = e Tt, so there is a
homogeneous diffeomorphism w(f, z,p) = (t,z, p) so that 5 := 1*g also has form (in
(t.%,p)) and 9(t,2,0) = (te7,,0).
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Applying 87 to both sides of the equation gives (T%)5, = (€7,0,0)T, and instead ap-
plying 0z« € T(TM) C I'(TM|g) to both sides gives TyB, = (TY,,8%,,0)7. To compute
(T)B__, we use that ¢*g|g must have the form

V*Glg= 2t dt dp + t2Gapdzdz°.
Then, we must have

t= 9,0,
= G(Te- 8, T - )
= eTG(0, T - 5,).

Similarly, for X € T(TM) c T(TM]|g),

0= (¢*3)(X, )
= §(Ty - X, Ty - )
— Gt dY(X)d, + X, T4 - D))

= YT (X)3(0y, T - 8,) + 3(X, T - §y).
Similarly, and finally,
= (¥"9)(9. )
= g(TV 8, Tt 3,).
Solving these equations in succession give that the Jacobian of ¢ along G is

e¥ %\eTTa —%fe‘TTCTC
(TYlg)Pa=] 0o &,  —e2frv |, (1.29)
0 0 et
By definition, a tractor xy has homogeneity —1; furthermore, since dt has homogeneity 1

and dz' and dp have homogeneity 0, the component ¥ has homogeneity —1 + sq, where

sop = 11if B =0 and sy = 0 otherwise, and so

Ol =Ry (1.30)
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Evaluating both sides of
XP o = (Ty)P 4,17

~

at t = e~ ¥, p =0, and substituting using (1.30) gives

Y el T, —%e‘QTTCTC X
Xb = 0 5ba —e—2Tyb GTSC\b
fe'e) 0 0 672Y 6ch\oo
t=1,p=0 t=1,p=0
Multiplying and solving for ¥? [i=1,0=0 gives the desired identity. O

Reading off the homogeneities in shows that we may naturally regard the com-
ponents of x in the splitting as sections of weighted bundles, namely, as x° € &[-1],
X® € £%—1], and x> € £[1], and the unweighted versions of the components are merely
XY 0 g, x*og, and x*® o ¢. So, a choice of representative ¢ € ¢ induces an isomorphism
EA = &[] @ £2]—1] @ E[—1], that is, an isomorphism T = gr(7T).

The transformation law for the weighted versions of the components is

0 1 -T, —r.e x°
X\b — 0 61)@ 'I‘b Xa
> 0 0 1 X

In this splitting, the canonical projection IIy : £4 — £[1] is just x — x>°, and the above
transformation law illustrates that x> € £[1] is independent of the choice of representative.
We thus call x> the primary part of x (whether we regard x*° as a weighted or unweighted
section). If x*° = 0, then the transformation law shows that x* € £%[—1] is independent of
the choice of representative g € ¢, and if x> = 0 and x* = 0, then x° € £[—1] is independent

of g. In the splitting, the canonical injection ¢ : £[—1] — E4 is just the map

o
L:0 — 0

0

We now compute the tractor connection V7 in terms of the above splitting. By con-

struction, to describe the splitting of the covariant derivative of a tractor (into unweighted
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components), we just evaluate ng at t = 1, p = 0, and (because the associated trac-
tor covariant derivative is just defined for directions tangent to M) keep only the A = a

components. Consulting and substituting g/, = 2P, gives
Ty = ( 0 —Fwp 0O )
Tip= (00 15 P
ng:(O —Yab 0)-

Substituting gives that, in terms of the splitting induced by g, the tractor covariant deriva-

tive is
X’ (X°)6 = Poex”
X = X%+ 5+ P,ox> |- (1.31)
X (X*)b = Xb

b
The comma on the left-hand side denotes the tractor covariant derivative, and the commas

in the arguments on the right-hand side denote the Levi-Civita covariant derivative of g.
By construction, if we interpret that latter derivative appropriately, we can interpret all the
components of y appearing in as weighted sections.

Computing directly using this formula gives the components of the tractor curvature in

the induced splitting:
T
RabOD =0
RZ;)cd = Wabed
R]pood = Caab,

where W and C are respectively the Weyl and Cotton tensors of the representative g € ¢
(cf. Example . Alternately, because V7 is essentially given by restricting v, by
construction we may simply read these formulas directly from (|1.25)). By construction, W
has conformal weight 2.

Recall from the beginning of the section that we call the dual 7 of the tractor bundle the
cotractor bundle, and that we call its sections cotractors or tractor 1-forms. For convenience,
we prove results in this work mostly in terms of cotractors, so we collect here dualizations

of some of the constructions already described for tractors.
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A choice of representative g € ¢ induces a splitting £4 < E[1] & & [1] & £[—1], and we

denote the components of the splitting using formal row vectors,

XAH<><0 Xa Xoo)'

As above, we can trivialize the weight bundles using ¢ again. Then, using our conventions,
the natural pairing of a cotractor a and a tractor AP is just given by formal matrix

multiplication:

,30
aA/BA = aO/BO + O‘aﬁa + aoo/Boo = < Qp Qg O ) pe
80

In terms of such a splitting, the covariant derivative is given by

( X0 Xa Xoo ) = ( (XO)b —Xb  Xab T GabXo + PapXoo (Xoo)b - PbCXc ) : (1'32)

b
The weighted component xo € &[1] of x is independent of the choice of representative
g € ¢, and we call yg the primary part of x. The corresponding canonical projection
is the map Iy : €4 — &[1] given by Iy : x4 — x4T%, and the canonical injection

t:E[-1] — &4 is given by f— fT4.

1.3.83  Conformally Einstein metrics

In this section we give a brief account of the standard realization of the tractor bundle,
mostly following |Gov|, highlighting the role of Einstein metrics in tractor geometry, and
showing that it agrees with the construction given in the previous subsection.

Recall that a metric is Einstein iff P, = Agqp for some constant A, and that a conformal
class is Einstein if it contains an Einstein representative. Taking traces shows that a metric
g is Einstein iff

Pa— * Pyl = 0. (1.33)
So, to determine whether ¢ is Einstein using an arbitrary representative g € ¢, we analyze

how P changes with the change of representative from g to g and then check whether there

is some representative § € ¢ such that the Schouten tensor P of § satisfies (1.33)).
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For an arbitrary representative g € ¢, we may write § = e*Yg for some function T € &£

(and conversely any such choice of T gives a conformal representative). Computing gives
Py = Papy — Tap + T L. (1.34)

Substituting this equation in ([1.33]) yields an overdetermined partial differential equation

in T, and by construction c¢ is Einstein iff it admits a global solution. This equation is

linear with respect to o 1= e~ ¥ (so, that the corresponding representative is § = o~ 2g); it
becomes
1
(Uab+PabU)*E(O'dd‘FPddU)gab:O, (135)

so that the left-hand side is just the g-tracefree part of o4 + Pyo. By construction, this
condition is conformally invariant: If ¢ is a solution to the equation for a choice of
representative g, then Qo is a solution to the equation for the representative Q2g. We may
frame this more invariantly using weighted bundles: Recall that we may identify ¢ with
the canonical bilinear form g € &£)[2]. The conformal class ¢ is Einstein iff there is a
(nonvanishing) section o € £[1] such that the metric 0 ~2g is Einstein; we call such a section
an Einstein scale.

Even though is overdetermined and does not generally admit (even local) solutions,

it defines fiberwise a conformally invariant subbundle of the 2-jet bundle J2D[1].

Definition 1.3.4. The (standard) tractor bundle 7 — M of a conformal structure
(M, c) is the subbundle of the bundle J2D[1] of 2-jets satisfying (1.35). A (standard)

tractor is a section of 7.

We show that this definition of the tractor bundle agrees with the one in subsection

L31
Introducing the auxiliary 1-form p, := 0, € &,[1] realizes (1.35)) as a first-order system,

op — pp =10
(1.36)
Hab + Papo + pgay = 0,
where p := —%(acc + P.%0) € E[—1]. Alternately, we may view these equations as pointwise

conditions defining the subbundle 7" C J?D[1] and coordinates (o, tq, p)* on that subbundle.
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Raising the index of u produces a section u® € £[—1]; then, computing directly shows that

triples (o, u%, p)T satisfying those equations transform under a change of representative g € ¢

precisely as triples (x?, x% x*)7 do; since this transformation characterizes the previous
construction of the tractor bundle, the two definitions of 7 agree.

Using this latter formulation of the tractor bundle, we can give an illustrative construc-
tion of the tractor connection, V7.

We now manipulate the system to produce a linear equation in p, but no new auxil-
iary variables, which will thus yield a closed, first-order linear system in (o, pg, p). First,

substituting the first equation in the second gives an equation just in ¢ and p:
Oab + Papo + pGab = 0. (1'37)

Differentiating (using ¢ for the derivative index), and applying the Ricci identity to the

resulting term oup. gives
(Gaeh + R p.04) + PO + Pap.c0 + gappe = 0.
Contracting with ¢g®¢ and using the characterization of the Schouten tensor gives
0=0°y + R4Y04 + PSoe + P o+ pp
=0 + (n— 2)P%0c + Pop + PYoc+ P% .0+ po.
Finally, contracting with ¢® and solving for the Laplacian of o gives
0. =—P%0 —np.

Substituting this identity into the previous display equation, applying the product rule, and

solving for p; gives
py — Pyep® = 0.
Adding this equation to the previous system then gives the system:

op—pp =0
Hab + Paba + P8ab = 0 (138)

py — Pypep® = 0.
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So, the Einstein condition defines a map
V7T :T(D[1] ® T*M[1] ® D[-1]) = D((D[1] @ T*M[1] @ D|-1]) @ T*M)

which maps the triple (o, pq, p) to the formal vector whose entries are left-hand sides of the
equations in the system . This is just , and so this definition of V7 agrees with
the one in Subsection .31

So, given a parallel tractor y € I'(T), its triple (o, 114, p)” of components with respect to
the splitting induced by an arbitrary choice g € ¢ satisfies the system. Thus, if also IIy(x)
is nonvanishing, it is an Einstein scale. Conversely, if 0 € £[1] is an Einstein scale, then
by the construction in this subsection, for an arbitrary choice of representative g € ¢, there
are sections 1, € &[1] and p € £[—1] satisfying the closed, first-order system (1.3§)), or
equivalently, such that the cotractor whose decomposition with respect to g is (o, g, p) is
parallel. Rearranging the first two equations in (and taking the trace of the second

equation) we can recover p® and p:

a a

pt=o

1 b b
p=—y(0y +B0).
Of course, these definitions make sense for all o, not just Einstein scales.

Definition 1.3.5. The (first) BGG splitting operator (for cotractors) is the map Lo :

E[1] — &4 defined (with respect to the splitting induced by an arbitrary representative
g €c) by
Lo(U)A = ( o 0o, _%(Ubb—{_Pbbo-) ) . (139)

So, by construction, if x is parallel, Ly o Il = idy. Summarizing gives the following:

Proposition 1.3.6. Let ¢ be a conformal structure. The restrictions of the maps Ilg and Lg
define a bijective correspondence between Einstein scales (and thus Einstein representatives

of ¢) and NV -parallel sections of T whose primary part is nonvanishing.

If g € c is Einstein, then £ = 1 satisfies (1.35)) (if regarded as a weighted section, £ is

the unique section such that £ ~2g = ¢). With respect to the decomposition induced by the
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choice g € ¢, the corresponding parallel cotractor is Lo(£) = (1,0, —\), or Lo(§) = dt—tAdp.
Computing gives Lo(&)ALo(£)a = —2\.
The mild awkwardness of the restriction in the previous proposition to nonvanishing

sections suggests a natural generalization of Einstein scales.

Definition 1.3.7. An almost Einstein scale is a (weighted or unweighted) solution of

(1.35]) that is not identically zero.

Expanding attention to include almost Einstein structures yields the following analogue

of Proposition [1.3.6], which follows from the same arguments.

Proposition 1.3.8. Let ¢ be a conformal structure. The restrictions of the maps Iy and
Lo define a bijective correspondence between almost Einstein scales and nonzero V7 -parallel

sections of T .
The singular set of an almost Einstein scale is just its zero set.

Proposition 1.3.9. The complement of the singular set of an almost Finstein scale is

dense.

Proof. Suppose the singular set of the almost Einstein scale o is not dense. Then, there is
some nonempty open subset on which o is identically zero. At any point x of that subset,
the 2-jet of o is zero, and so Lo(c); = 0. Since Lo(o) is parallel, it is identically zero, and

thus so is o, contradicting that o is an almost Einstein scale. O

Given a conformal structure ¢, an almost Einstein scale o, say, with singular set .S, defines
an Einstein metric g := (0| _s) 2(g|a—s) on the dense subset M —S C M, but this metric
cannot be extended to any larger set of M. By the computation after Proposition [1.3.6} if g
has Einstein constant A, then the function — Lo(0)? Lo(c) 4 extends that constant function
to all of M without reference to the singular set [Gov]. We again refer to A as the Einstein
constant of .

We may frame the conformally almost Einstein condition more invariantly. Propo-
sition shows that a nonzero weighted function o € £[—1] is an almost Einstein scale
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iff (V7 o Lg)(0) = 0. Computing in a splitting induced by a choice g € ¢ gives

T
0

[LO(U)]A,b = (Uab + Paba) - %(O—cc + Pcca)g&b

—%(O’CC + P.%o), — P,°o.

The condition that the middle component vanish is precisely the almost Einstein con-
dition, . The vanishing of the bottom component is a differential consequence of the
vanishing of the middle component, recovering in tractor language the fact that that al-
most Einstein scales correspond to parallel tractors. Since the primary part of [Lo(o)]ap
is zero, by construction the projection II; onto the middle component (which takes values
in &), = ['(S2T*M)) is independent of choice of representative g € ¢, recovering the fact
that the almost Einstein condition is conformally invariant. Note that we may write the

almost Einstein condition invariantly as ©g(c) = 0, where
Op:=11,0V7 o Ly

is the (first) BGG operator (for cotractors):

vT
EA — 8Ab

] [,

5[1] @—) 5((15)0
0

Here, E4p =T(T @ TM).

1.8.4 Higher-rank tractor tensors

We can extend many of the results in the previous subsections to tractor tensors of more
types, and in some cases to those induced by arbitrary representations. We state results
here just for covariant tractor tensor bundles, and can recover the corresponding results for
contravariant and mixed tractor tensor bundles just by raising indices.

The decomposition £4 = E[1] @ E,[1] @ E]—1] induced by a choice of representative g € ¢

yields decompositions of arbitrary tractor tensor bundles. For example, we may denote for
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r > 1 a tractor r-form x4, ...4,, that is, a section in &4,...4,] = T'(A"T™), by

Xay-ay
X0az:ar Xooag:ay
X0o0az--ar,

Recall that we denote &, ...p,] = I'(A*T*M). Consulting the homogeneities of the bundles

in the decomposition of the cotractor bundle gives that £4,...4,] decomposes as

Elay—ay] [r]
5[a3~~~ar} [T - 2]

Composing the components with g to produce unweighted forms shows that the expression

5[A1--~A7»] = g[ag-nar] [T] 5[a2~--a7-] [’F - 2]

for

Xai--ar
X = X0as---ar Xooas:-ar

X0ooas---ar

in a local coframe of the form (dt,dz?, dp) is just

tT_IXOaQ...aTdt ANdz® A - Ndx® + 1" Xayq,dT Ao A dx®T

+ tr_lxg)oo%...ardt Ndp A dx® - ANdx® +t" Xooag-a,dp N dz® N -+ A\ dz®T.

Now, let W be any representation of O(p + 1,q + 1) (recall that in this dissertation,
all representations are finite-dimensional). Denote the nilpotent part of P by N and its
nilpotent part by #. Since P normalizes M, t.W is a P-subrepresentation of W, yielding a

natural P—equivariant quotient map
W — Wy = W/(n.W).

Now, for any conformal structure ¢, let (E' — M,w) be the corresponding normal (o(p +

1,q + 1), P)-geometry. For the associated bundles W := E x , W and Wy := E x , Wy, the

quotient map W — W, induces a map
Iy : W — W,

This map and its section map, also denoted Ilg, are called the canonical projection of W.
We call the image of a section x € I'(W) under Iy the primary part of x. For convenience
we henceforth implicitly dualize with ¢7 as needed and regard the induced bundles W as

subbundles of tensor powers Q" 7* of the cotractor bundle T*.
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Ezample 1.3.10. If W = e (that is, the trivial representation), then I'(W) = £ and n trivially

annihilates W, so n.W = 0 and thus IIp may be identified with the identity map.

Ezample 1.3.11. If W = [J (the dual of the standard representation), then I'(W) = £4.
A straightforward computation shows that I'(W};) = £[1], and the canonical projection Il

coincides with the map so named in Subsection |1.3.1l

UJ
Ezample 1.3.12. If W = 3 r (the antisymmetric representation A"(RPTL4+1)*) " then

]
L(W) = &a,..a,]- A short algebraic argument shows that we may identify T'(W;) =

&laz--a,)[r] and that the canonical projection is

o XAps Ay = XOag-—ar-

Notice that we may also write this map as x — ¢*(T_ x), where ¢ is the inclusion G — M.
By construction, the right-hand side has the indicated weight. (Note that setting r = 1 just

recovers the previous example.)

The tractor connection V7 induces connections (all also denoted V) on tractor tensor
bundles W induced by O(p + 1,q + 1)-representations W. They are characterized by the

identities

VT f=df

for f € £ and

VT(a®ﬂ):a®VTﬁ+VTa®/B

for arbitrary tractor tensors a and /.

Ezample 1.3.13. Computing directly shows that the connections on the tractor r-form bun-



54

dles A"T*, r > 1 (which again are induced by the representations A"V) are given by

T
X0asz:--ar

Xai--ar ’ X0ooasz-ar

Xooas--ar
,b

X0az--ar,b — Xag-arb T (T - 1)gb[a2X|Ooo\a3---ar]
_ Xai-ar,b T T8bla1 X|oo|az--ar] X0ooag--ar,b T Xoobas--ar . (140)
+7“Pb[a1X|0\a2-~ar] - bCXOCag---aT

Xooag +ar,b — PbCXcagn-ar - (T - 1)Pb[a2X|Ooo|a3~-~ar]

The comma on the left-hand side denotes the tractor covariant derivative. On the right-hand
side, the commas denote the Levi-Civita connections on the respective bundles AYT* M, and
the 0 and oo indices indicate the component of X 4,...4,, but do not function as indices of
the component function. So, for example, if 04,...a, = X0as--ar, then Xoa,...q,» just denotes

Oay--ar,b, DOt the Oas - - - a,b component of VTx.

The BGG splitting operator generalizes to general tractor tensor bundles too; specializ-

ing Theorem 2.5 and Lemma 2.7(2) in [CSS01] to the present setting gives the following:

Theorem 1.3.14. Suppose W is an irreducible O(p + 1,q + 1)-representation. There is
a linear natural differential operator Lo : Wiy — W, called the (first) BGG splitting
operator, with the property that if x € T(W) satisfies V7 x = 0, then Lo(TIo(x)) = x.

More concretely, this theorem just says that any parallel section of a tractor tensor
bundle induced by an irreducible O(p + 1, ¢ + 1)-representation can be recovered from its
projecting part. Strictly speaking, as stated in [CSSO1] this theorem holds for different
parabolic subgroup of O(p + 1,¢q + 1) with the same Lie algebra p, but it appears to hold

just as well for P; we henceforth assume that it does.
Ezample 1.3.15. If W = e, then because Ilj is the identity, so is L.

Ezample 1.3.16. If W = [, then the BGG splitting operator Ly : E[1] — €4 is just the

so-named map in (|1.39).
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L]
Ezample 1.3.17. W =+ 5 7, then the BGG splitting operator Lo : Ejgy...q,1[r] = E4,.-4,]

can be computed by writing the condition that the parallel tractor tensor be parallel in
components with respect to a splitting induced by an arbitrary choice of representative
g € ¢ and then solving for the components of successively higher strengths. Doing so gives

that Lg is given by [HS09]

Lo(J)Al...AT

Ouy-ar

__ 1 b
_ b Olar+ar—1,ar] n—k;]—i—lo-bagnur, b . (141)
1 r=1 _r=1
7%aganmb + nr O-p[a3~~-ar\b|,a2] + n(n—r+2) U[a3-~ar|b|, a2]

+ 2(7‘n—1) Pb

1 b
{4z O blaz-ar] — 755 Taz-a,

Applying the argument in the proof of Proposition gives the following result:
Proposition 1.3.18. Suppose W is an irreducible O(p + 1,q + 1)-representation and let

W be the induced tractor tensor bundle. If x € T'(W) is parallel and nonzero, then the

projecting part Iy(x) of x is nonzero on a dense open set.

L]
Remark 1.3.19. We may verify this directly for W= 3 r using (1.41)).
L]

Now, for 7 > 1, let II; denote the map E4,...4,16 — E[ag...a,p[r] defined by

ITy : XAyAvb = XOaz-—arb-

By construction (or just checking directly), this projection is independent of the choice of

representative. Then, define the (first) BGG operator by
B :=1l; 0 VT olLg: S[az---ar][r] — g[ag---ar}b[r]-

(This form analogizes but does not generalize the BGG splitting operator defined for co-

tractors by (1.39).) Computing directly using (|1.40) and (1.41)) gives

r—1
O0(0)awarh = Fasars = Flan] = 1y g WOy (142

)
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We may realize Og in another way: Take V = (RP9)*. Then, the decomposition of the

representation A”"'V ® V, r > 1, into irreducible O(p, q)-representations is
AT—IV QVAVD AT—QV D AT_LIV,

where A""11V denotes the representation

(r—1) : )
L

(which comprises the tensors a € A" 'V ® V satisfying ajq,...q,;) = 0 and aaT”arilbb =0).

This decomposition induces [Sem03] a corresponding decomposition

Elag--arlp = Elag--art] D Elag-ar_1] D Ef[az-—ar]b}o-

Here, &((ay-..q,]p}, denotes the subspace of tractor tensors in AT"IT*@T* formally satisfying
the same identities as a. Consulting (1.42)), ©¢ (o) is just given by applying the projection
g[az---ar]b[r] — g{[ag---ar]b}o [T] to (VTLO(U))[az---ar}b-

v7T
Eara) —  Ea-Am

] n

g[a2--~ar] [’l“] @—0> g{[a?"ar]b}(} [T]

Definition 1.3.20. A conformal Killing (r —1)-form, r > 1, is a section of in the kernel
of O : Eayar[1] = Efjag-ar]b}o[7]- In this context, we call ©g(c) = 0 the conformal Killing
form equation. A normal conformal Killing (r—1)-form (see [Lei04]), » > 1, is a section
in &gy...q,][r] in the kernel of VT oLy: Eayarr] = El4,-Ap- SO, any normal conformal

Killing form is a conformal Killing form.

An argument essentially identical to the one that gave Proposition yields the fol-

lowing analogue:

Proposition 1.3.21. Let ¢ be a conformal structure and fix r > 1. The restrictions of
the maps Ily and Lo define a bijective correspondence between normal conformal Killing

(r — 1)-forms and parallel tractor r-forms.
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1.4 The groups Gy and P

The primary application of the main theorem (Subsection given in this work is the
construction of a large family of pseudo-Riemannian metrics with holonomy contained in
group (split) Go, and for which moreover the holonomy is generically equal to that group.
The model for the geometric structures exploited to produce these metrics is a natural,
Go-invariant 2-plane field on the homogeneous space Go/P, where P is a particular 9-

dimensional subgroup of P. In this section we describe these objects in further detail.

1.4.1 The group Go

Complex simple Lie algebras can be classified into four infinite series of “classical” algebras
and five exceptional algebras. The complexification of a real simple Lie algebra is either
a complex simple Lie algebra or (if the real algebra is already such a complex algebra) a
direct sum of two copies of such an algebra, and so real simple Lie algebras may be classified
by determining the (always finitely many) real forms of each complex simple Lie algebra,
that is, real Lie algebras whose complexification is a given simple complex Lie algebra.
The (unique) smallest-dimensional exceptional complex simple Lie algebra, gg, has two real

forms, and the Lie algebra of the group denoted Gs in this paper is one of those two forms.

Definition 1.4.1. A composition algebra over R is an algebra over R with a unit and a

nondegenerate bilinear form (-, -) satisfying

(zy, zy) = (z,2) (y, )
for all x,y in the algebra.

The facts here about composition algebras may be found for example in [Har90|, where
they are called normed algebras.

The bilinear form (-,-) of any composition algebra A, say with unit 1, immediately
induces additional algebraic structure. First, the unit defines an embedding R — A, and
elements of the image of R are called real. Denote the (-, -)-orthogonal of R, namely the set

{Ae€A: (A1) =0}, by ImA. By hypothesis (A, A) = (A, A) (1, 1) for all a, so since (-, ) is
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nondegenerate, (1,1) = 1, and thus RNIm A = {0}. Define the projections with respect to
the decomposition A = R&Im A by Re: A - Rand Im : A — Im A. We call the images Re A
and Im A of an element A € A respectively the real part and imaginary part of A. Denote
by - the linear conjugation map A — A defined by A := Re A — Im A; by construction, R
and Im A are exactly the 1- and —1-eigenspaces of -. The bilinear form (-, -) can be recovered
from the algebra multiplication and = by the formula (X,Y) = Re(XY) (where we now view
Re as the projection onto the 1-eigenspace with respect to the decomposition of A into the
eigenspaces of -). Restricting (X,Y’) to Im A defines a nondegenerate bilinear form on that

space. The map

X :ImA XImA — ImA

defined by

X x Y :=Im(XY)

is called the cross product on A. Regarding X as a (2, 1)-tensor on A, dualizing with (-, ),
and reversing the sign (to agree with a convention used elsewhere, including in [Sag06|)

yields a 3-form ® € A3(Im A)* defined by
O(X,Y,Z) = — (X xY,Z) = (XY, Z).

There are exactly seven composition algebras up to isomorphism. Four of the algebras
are the familiar normed division algebras, R, C, H, and O, all endowed with the usual
multiplication and conjugation, and each can be derived from the previous one using the
so-called Cayley construction. The remaining three are split versions of the last three of
the above, and can be described in a uniform way using an analogue of the Cayley con-
struction: Taking K to be R, C, or H, and endowing the set K x K with the multiplication
(a,b)(c,d) = (ac + db,ad + cb) and conjugation (a,b) = (@, —b) produces composition alge-
bras respectively denoted C = R & R, H = Myyo(R), and O (here, = denotes an algebra
automorphism).

We herein restrict our attention to the (6), the split octonions. We show that one

can recover the product on O from the imaginary split octonion cross product, x, and
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equivalently from the corresponding 3-form ® € A%(Im @)* For X,Y € ImO C O we have
XY =Re(XY)+Im(XY)=(X,Y)+ X xY =—(X,Y) - X x Y.
We can express (-, ) in terms of X via
1
(X,Y) = ~5 tr(X x (Y x ), (1.43)

where X x (Y x -) denotes the map Im O x Im O [Bae02]. This fact already suffices for our
purposes, but we can easily recover the product for all pairs of arguments in (6), not just

those in Im Q: Explicitly, for (a,X),(b,Y)eR® Im O = O, the product is given by

(a,X)(b,Y)=(ab—(X,Y),aY +bX — X xY).

Definition 1.4.2. The group G is the Lie group Aut(Q) of algebra automorphisms of the

split octonions.

Because the algebra structure of O is equivalent to the associated 3-form ® € A3(Im @)*,

Gy is also precisely the stabilizer of that 3-form in GL(Im O).

Remark 1.4.3. We justify the name Go below by showing that the Lie algebra bet(@) of

Aut(0) is a simple real Lie algebra whose complexification has Dynkin diagram of type

G,. [FH]

Remark 1.4.4. Especially when discussed in the context of related groups also sometimes

called Gg, the group just defined is sometimes denoted G35, G;(Q), or (N}g.

The group Go is connected and its fundamental group is Zs. In particular, it has a
unique, simply connected, 2-fold cover; that cover admits no other quotients (up to isomor-
phism). There are two other groups, both related to these, sometimes called Gy. Complex-
ifying G2 produces the third of these groups, Gg. The other is the compact real form G§
of Gg; it is the maximal compact subgroup of G(g and is the algebra automorphism group
of the (standard) octonions.

In general, a k-form ¢ on a vector space V is said to be generic if its GL(V')-orbit
GL(V) - ¢ is open. Engel showed [Eng00] that C” admits exactly one orbit of generic

complex 3-forms, and that the stabilizer in GL(7,C) of any form in the orbit is isomorphic
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to the complexification GS of Go. The intersection of this orbit with A3(R7)* is the union
of two distinct GL(7,R)-orbits of real 3-forms. One can show that ® € A3(ImQ)*
A3(R7)* is generic, so the stabilizer of an arbitrary 3-form in its orbit is isomorphic to
Go; for any 7-dimensional real vector space V, a 3-form ¢ € A3V* is said to be of split
type if for some (equivalently, every) isomorphism V* = (R)* the image of ¢ under the
induced isomorphism is in that orbit. The stabilizer of any 3-form in the remaining orbit is
isomorphic to the compact group G§, which can be realized as the algebra automorphism
group of the (standard) octonions, O.
We can alternately recover the bilinear form (-, -) on Im O from ® as follows. Any 3-form
1 on a T7-dimensional real vector space V defines a symmetric bilinear form
By :V xV — ATV* by
Bu(X,Y) i= (X J) A (Y 30) A0 (1.44)

The determinant det 3, can be regarded as an element of SPA7V*, so there is a unique
element Q € A7V* such that Q° = det By, where Y denotes the ninth symmetric power
of Q. If ¢ is generic, then 3, is nondegenerate and det 3, # 0, inducing a Hodge star
isomorphism R <> A7V* defined by a <+ af). Composing this isomorphism with By realizes
it as a real-valued, nondegenerate, symmetric bilinear form. For ¢ = ®, this agrees with
(1.43]) up to a nonzero constant multiple.

We now derive an explicit matrix representation of the Lie algebra go = Der (6), largely
following Sagerschnig [Sag06]. We first develop some notation to describe split octonions.

One explicit realization of O is as the vector space of formal matrices of the the form
¢
y n

where z, y € R3 and &, 7 € R, endowed with componentwise addition and with multiplication

£ x & a &'+ (x,y) &l +nr+yny

y o v ny' +&y—xna’ o+ (y,2)
where (-, -) is the standard inner product on R and A denotes the standard cross product

on R3 [Zor30).
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The (4, 4)-signature bilinear form is

< S , 5/ x/ >—§(§’77+77’§—<x,y’>—<x’,y>)-
y n y n
The unit is

10
01

E:

Any algebra automorphism of a composition algebra preserves its inner product [SV00];
so, since any element of Gy (algebra automorphism of @) fixes the unit F, it must also
preserve its orthogonal complement, the seven-dimensional vector space ImO of imaginary
split octonions, yielding a faithful representation Go — GL(Im @) Computing explicitly,

ImO comprises exactly the formal matrices in O of the form
&
y ¢
Moreover, the restriction of (-,-) to ImQ is a (3,4)-signature inner product; this inner

product inherits its Go-invariance from the original inner product, yielding a faithful repre-

sentation

Gy < SO(Im Q) =2 SO(3,4).

(An analogous argument gives that G§ may be embedded in SO(7).)
Differentiating the embedding G < SO(Im @) yields a Lie algebra inclusion

go < 50(Im Q) = 50(3, 4).

Define the basis (X;) of Im O, where

0 e 0 e 0 e
X11: ! 5 XQZ: 2 5 X31: 3 5
0 O 0 O 0 O
1 1 0
Xy = — ,
V2o -1
0 O 0 O 0 O
X5 1= , Xg = , X7:i=
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With respect to this basis, the quadratic form on ImO is

0 0 Iy

1

s o -1 o] (1.45)
I3 0 0

and computing directly gives that the Lie algebra so(Im @) is given by

A v B
wl 0 T cv,w € R A € gl(3); B,C € 50(3)
C w AT

We now check which matrices in 50(Im@) are in go = Der O, that is, which act as

derivations of Q. For example, since X1 X9 = X7, any derivation

A v B
M= wT 0o T € g2
C w —-AT

must satisfy

M'X7 =M (Xle) = (MXl)X2+X1(MX2)

In the above notation, this reads

A v B
0 0
wl 0 T
C w -AT — 0
A v B
_ wTovT 061 062
0 O 0 O
C w —-AT
A v B
0 e 0 e
+ w0 W7 |-
0 O 0 O
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Computing, this is

V2uTes Beg
ATes  —/20Teq
ed Cey —(v2wTez)er + (v2wTey)es
—[(Ae1) Nea +e1 A (Ae2)] —elCey

Comparing the (2, 1)-entries gives AT ez = —[(Aey) Aea+e1 A (Aes)]; expanding this expres-
sion in coordinates gives that this condition is equivalent to tr A = 0, that is, A € s[(3,R).
Comparing the other entries gives that particular entries of B and C' must be certain ex-
pressions in v and w; applying the above argument to all other products of pairs of basis

elements X; shows that so are the other entries of B and C'. In particular,

0 w3 —we 0 —wv3 v
1 1
B = E —ws3 0 w1 and C = E U3 0 —Uq
w9 —w1 0 —V2 V1 0

(where v; and w; are the components of v and w, respectively), so that for z € R?, Bx =
_ 1 - 1
\/iw/\a: and Cz = \/iv/\x.
Since the conditions imposed by the multiplications of pairs of basis elements X; exhaust
the conditions for a matrix in so(Im @) to act as a derivation of @, go comprises exactly the

matrices of the form

1 _ 1
arl a2 a3 U1 0 W3 W2
1 0 1
as1 a2 ao3 () 733 731
1 _ 1
as1 a32 ass Vs W2 W1 0
wy wa w3 0 1 Vo V3 , (1.46)
0 Ly Luy ow —an —a1 —asy
V2 V2
1 _ 1 _ _ _
733 0 7BV W2 a2 a” as2
Ly Loy 0 w3 —ai13 —as3 —ass
V2 V2

where all entries are in R and a11 + a2 + azz = 0.
We can check that the Lie algebra of matrices of this form is simple. We may choose the

Cartan subalgebra h < go to be the set of diagonal matrices in go, so that h is spanned by
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e11 — e22 — es5 + €66 and egp — €33 — eg6 + €77; here, e;; is the matrix with (4, j) entry 1 and
all other entries 0. Computing the roots of the adjoint representation with respect to this
(or any other) Cartan subalgebra of go shows that this Lie algebra has Dynkin diagram of
type Go, justifying the name Go for Aut(@).

We may use the root decomposition to construct a |3|-grading on go: Let ¢; € h* be
the functional that returns the (i,7) entry of the element of the Lie algebra in the above
matrix representation. We may choose o = ¢3 (a short root) and o/ = ¢ — ¢2 (a long
root) to be the simple roots of the gy. By definition, any root may be written as a Z-
linear combination na + n’a’ of simple roots, so we may define a grading (g;) = (g2); by
declaring the root spaces with « coefficient n to be in the summand g,. (Note that for
1 = 2 the abbreviated notation g; for the ith graded piece conflicts with the notation gy for
the Lie algebra discussed here; context will determine which object that symbol denotes.)
The identity [Lg, L] C Lgy~ for root spaces Lg, L., Lg;~ guarantees that the grading (g;)
respects the bracket in the sense of condition (i) of Definition Direct checking—say,
by inspection of the Dynkin diagram with roots labeled by grading summand—shows that
the other two conditions in that definition also hold.

In the above representation, the grading (g;) is indicated by

g g 93 o 0 g g
g g 03 91 g 0 g
g-3 9-3 % 9-2 g-1 g1 O
g-1 9-1 g2 0 g @ g2 |- (1.47)
0 g2 g1 -1 G Go 9-3
g2 0 g g1 G Go 9-3

g1 o0 0 g2 93 93 go
1.4.2 The Gg cone and the induced model geometry

The algebraic structure of the octonions naturally induces additional structure on the space
of null rays (alternately, the space of null lines) in Im @, namely, a field of tangent 2-planes
satisfying a nonintegrability condition called genericity (see Example and Definition
. This space, together with the 2-plane field, comprise a model of generic 2-plane field
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on 5-manifolds. In this subsection, we construct that model explicitly.
Consider the imaginary split octonions Im @, the (6-dimensional) null cone of the signature-

(3,4) pseudo-inner product (X,Y) = Re(XY), that is, the set
N :={X eIm0 - {0} : (X, X) =0},

and the imaginary split octonion cross product, X x Y = Im(XY’), which we may regard
as a totally (-,-)-skew (2,1) tensor ® ,°. For any X € Im 0, we have that X is contained in
the subspace Xt := ker(X x -). Recall the (split) octonion identity

Xx(XxY)=—(X,X)Y +(X,Y)X

and henceforth specialize to X € A. Substituting ¥ € XT gives (X,Y) =0, so X ¢ X+,
Then, interchanging the roles of X and Y € XT in the identity then gives (Y,Y) = 0,
that is, that XT is totally null, and so XT C (X)*. Denoting the span of X by [X], this
defines fiberwise using just the algebraic structure on O a filtration of the tangent space

TxN C Tx Im O, which we identify with Im O in the canonical way:
[(X]c XTc (XNt c Xt =TxN.

Varying X over N, this defines a filtration of the tangent bundle of A. Since Go acts
transitively on N and by definition preserves the algebraic structure on (6), it preserves the
tangent bundle filtration, and each plane field in the filtration has constant rank. Computing
an example shows that dim Xt = 3, so the fields have respective rank 1, 3, 4, and 6.

Now consider the null ray space R, the 5-dimensional space of (-, -)-null (open) rays in
Im Q. Since (-, ) has signature (3,4), R is homeomorphic to S? x S*. By construction, these
rays are precisely the orbits of the natural action of RT on R, and let 7 : A/ — R denote
reduction modulo this action. Fix x € R; for any X € 7 !(z), we may naturally identify
T.R + (TxN)/[X], and so the above filtration of TxN descends to a filtration of T,R.
Because the filtration of T is invariant under the (linear) action of RT, the filtration of
T,R is independent of the choice of preimage X, and so varying x defines a natural tangent
bundle filtration,

Dr C DL C TR.
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Checking directly in an arbitrary local frame of D and using the transitivity of Go (whose
action on N is linear and which thus descends to an action on R) shows that (globally)
DL = [Dg,Dg] and TM = [Dg, [Dr,Dg]], and so Dx is generic (again, see Example
and Definition . We call the pair (R,Dgr) the orientable model for the geometry of
generic 2-plane fields on 5-manifolds.

Now, define P to be the stabilizer of an arbitrary null ray in R; since Go acts transitively
on R, the isomorphism type of P is independent of this choice. If we choose the ray to be
the one containing X7 (defined in Subsection , checking directly shows that the Lie
algebra p of P is just g° = go @ g1 @ g2 @ g3, so P is indeed parabolic.

The following theorem of Sagerschnig shows that the orientable model (R, P) is just the

model geometry (Go — Ga/P,wyr¢) of the parabolic geometry of type (ga, P).

Theorem 1.4.5. [Sag06] The action of Ga on R induces a diffeomorphism Gao/P = R.
The tangent map of this diffeomorphism maps the 2-plane field Go x p(g~1/p) onto the field
Dr C TR defined in Subsection[1.4.3

Proof. We first establish the diffeomorphisms. It is convenient to realize P concretely as the
stabilizer of the null ray z7 containing X7, the (highest-weight) vector, which was defined
in Subsection Since Gy/P and R both have dimension 5, the orbit of x7 is open in
R. It turns out that any model of a parabolic geometry is compact, so the map Go — N
defined by g — ¢- X7 yields a diffeomorphism Gg/P % R, and in particular, we may regard
the latter as a model space for (go, P) geometry.

We now compute each tangent space T, R: Recall from Subsection [I.4.2] that for any
X € z we may identify T,R = X*/(RX). Because both plane fields are Gg-invariant,
to show that the tangent map of the diffeomorphism maps one plane field to the other, it
suffices to show that it does so at any one point. We do so for the highest weight vector X7
given in Subsection [[.4.1

By definition, the subset X; C Tx,N consists of the vectors Y € Im O such that X7Y

is a real multiple of E. Writing

y —&
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and expanding X7Y in formal matrices shows that this is true only when £ = 0, y is a real
multiple of e3, and z 1 e3. Comparing these conditions with the weight decomposition of

the standard representation V = Im O of Go shows that X; is a direct sum of weight spaces
Va1+2a2 @ Va1+a2 S Vaz'

(The first factor is the highest weight space, that is, RX7.) Passing to quotients yields a
tangent space isomorphism Tiq.p(Ga/P) — Ty, R (alternately, ga/p — X+ /(RX7)) induced

I ' may be decomposed

by the diffeomorphism. By construction, the filtration component g~
as p® V_o, ® V_o,—ay- Moreover, p stabilizes X7 and the other two factors respectively
map RX7 onto the weight spaces V,,, +a, and V,,. Passing to the quotient, the isomorphism

maps g~ /p onto X7 /(RX7). O

Recall that there is a natural inclusion Go — SO(3,4). By construction, P < Gg
coincides with the intersection Gp NP, where P is the stabilizer in O(3,4) of a null ray.
Nurowski exploited this inclusion to associate to any generic 2-plane field on a 5-manifold
a canonical conformal structure on that manifold [Nur05]; see Subsection m

We henceforth use an alternate representation of Go and gs, derived as above but using
the 3-form

® = 6dz""? + V/3(dz"0 — da'® 4 da®*) + da*®, (1.48)

on R” with coordinates z¥, ..., 2%, instead of the one produced using the above construction

of the split octonions. (Here, dz®° := dx® A dx® A dz¢.) In this representation, go comprises

the matrices of the form

—(a1 +a4) ag ag —%W ﬁ% ﬁaﬁ 0
by a;  a %[M _ﬁbi’) 0 ﬁ%’
b a3 a4 %55 0 —2—\1/§b3 _ﬁ%
bs e a5 0 b —pbe —mar | (1.49)
ba ar 0 a6 —aq as —ay
bs 0 ar —as as —ay as
0 bs —by b3 —bo by a1 + ay

where the coefficients a; and b; vary over R.
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Now, the induced nondegenerate, symmetric bilinear form is given up to a constant
with respect to (dz?) by
0 0 1
0 h O |,
1 00

where

(1.50)

>
Il
o o o o

o o o O

0
0 O
-1 0 0 O
We now fix a representations p: Take P to be the stabilizer in Gy of the null ray 9,0 - R™

in R7; directly computing gives that its Lie subalgebra p comprises the matrices in gy of the

form
—(a1 +aq) ag ag —%m 2—\1/?:@5 2—\1/?;@6 0
0 a1 ap 0 0 0 ﬁaﬁ
0 as a4 0 0 0 —ﬁ%
0 as ag 0 0 0 _%M ) (1.51)
0 ar 0 ag —aq as —ag
0 0 a7y —as as —aq as
0 0 O 0 0 0 ai + aq

where all parameters a; are real.
Using the corresponding |3|-grading, one can identify the decomposition of the parabolic
subalgebra p into a direct sum of semisimple, abelian, and nilpotent pieces, p =m ® a G n,

and then the corresponding decomposition P = M AN: Explicitly, we have

1 0 0 0 O
0B 0O 0O
M = 0 01 0 0 |:BeSL(2,R)
00 0 B O
0 0 0 0 1
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520 0 0 0
0 slb 0 0 0
A= 0 0 1 0 0 |[:seR”

0 0 0 s'I 0

o 0 0 0 s )
1 ag— ﬁag)cw ag — ﬁagm —%cw ﬁag) ﬁaﬁ *
0 1 0 0 0 0 ﬁaﬁ
0 0 1 0 0 0 —ﬁas

N = 0 as ag 1 0 0 —%cw :

0 a7 + asag a% ag 1 0 —ag — 2—\1/?:616&7
0 —a,g a7 — asag —as 0 1 ag + 2%/30,5@
0 0 0 0 0 0 1

(1.52)

where the entry * is given by

1 _ 1 1.2
\/gagag \/ga5a9 + 307

and the parameters as, ag, a7, ag, and ag vary over R. In particular, the Levi subgroup Gg

of Pis MA = GL,(2,R).
1.5 Generic 2-plane fields on 5-manifolds

The geometry of 2-plane fields on 5-manifolds enjoys several motivations for its investigation.
First, they arise naturally from a simple physical system: The configuration space of the
system of two suitable surfaces rolling along one another is a 5-manifold, and the physical
no-slip and no-spin conditions together define on that space a 2-plane field to which any
trajectory of the system satisfying those conditions must be tangent [BM09|. Next, they
are of significant historical interest: Cartan used his equivalence method to study these
structures in the his famous “five-variables paper” [Carl0|. Earlier, one of the first geometric
realizations of an exceptional Lie algebra was that of gg as the Lie algebra of vector fields
preserving a particular complex generic 2-plane field, due independently to both Cartan

[Car93] and Engel [Eng93|. This construction and, relatedly, that of the oriented model



70

in Subsection [I.4.2] suggests that 2-plane fields on 5-manifolds are intimately related to
various exceptional objects, including the algebra of split octonions, @, its 7-dimensional
cross product (or equivalently, its defining 3-form), and the exceptional Lie groups Go and
Gg. We exploit these relationships in Section to construct metrics of holonomy contained

in, and generically equal to, Gs.

1.5.1 Geometry of generic 2-plane fields on 5-manifolds

Generic 2-plane fields on 5-manifolds enjoy a rich intrinsic geometry.

Definition 1.5.1. The Lie bracket of two plane fields A and B on a manifold M is the

subset

{(z,[X,Y],): X € T(A),Y e I(B)} € TM. (1.53)

In general this subset need not be a (constant-rank) vector subbundle, though it always

will be for the objects we consider.
Definition 1.5.2. A 2-plane field D on a 5-manifold M is generic if [D, [D,D]] = T M.

Given such a plane field D on a manifold M, we call M the base manifold of D.

Recall that oriented fields of this type are in bijective correspondence with (normal,
regular) parabolic geometries of type (g2, P), where P is the subgroup defined in Section
We specialize the definitions in Subsection m Two such fields, say, (M;,D;) and
(Ms,1Dy), are locally equivalent near points x; and x2 (in the sense of Cartan geometries)
if there is a local diffeomorphism 1 from a neighborhood Uy of x1 to one Us of x5 such that
T - (D1|y,) = Da|y,; a field is locally flat if it is locally equivalent near any point in the
underlying manifold to the oriented model (R,Dz) at any (equivalently, every) point.

We collect some facts here about these fields: Fix M and D. Using the Leibniz rule
for Lie brackets of vector fields shows that [D,D] = D + [D,D]. So, if D is generic, then
[D, D] necessarily has constant rank 3. By construction, any local frame (X,Y") of D induces

frames

(X,Y,[X,Y])
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of [D, D] and
(XY [X Y] XX YL Y (X YD)
of TM.

The field D defines a filtered manifold structure (T*M) on TM (see Subsection |1.1.3)):
Define

T-M =D
T—2M = [D, D)
T3M =TM

The only nontrivial summands of the induced graded bundle, gr(T'M), are
g1 (TM) =D
gr_o(T'M) = D, D]/D
gr_s(TM)=TM/[D,D]
Since (T*M) by construction respects the Lie bracket in the sense of Subsection that

bracket induces a Levi bracket
L:gr(TM) x gr(TM) — gr(TM).
This map has, up to symmetry of arguments, two nontrivial components, namely,

grq Xgr; —gro
gr_q X gr_o — gr_s.

Since L is skew-symmetric, the first descends to a map
A’D — [D,D]/D

and the second is a map

D ® ([D,D]/D) — TM/[D,D].

For both of these, genericity guarantees that the domain and codomain have the same
dimension, so both are vector bundle isomorphisms.

We say that D is orientable if it is orientable as a bundle, that is, if A%2D admits a
nonvanishing global section. (Using the first Levi bracket isomorphism above shows that

this is equivalent to [D, D]/D admitting a nonvanishing global section.)
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Proposition 1.5.3. A generic 2-plane field D on a 5-manifold M is orientable iff M is,

and an orientation on either D or T M determines an orientation on the other.

This proposition is stated in [HS09] but not proven there.

Proof. Consider a local frame (X,Y") spanning the restriction of D to some open set U C M.

Since D is generic,
Uy(X,Y) = X AY AX YA X X Y) A Y [X, Y]] € T(ASTM|y)

vanishes nowhere and so determines an orientation on U. Any other frame of D|; can be

written as (aX + bY, cX + dY’) for some
€ C*(U,GL(2,R)),

and computing directly shows that
5
Uo(aX +0v,eX +av) = |det [ © 0 )| wocoy.
c d

So, if two frames determine the same orientation on D|;, so that the determinant of the
matrix function relating them is everywhere positive, then their images under ¥ determine
the same orientation on U, that is, ¥;; descends to a map (which we also denote W)
from orientations on D|i; to orientations on U. Moreover, if two frames determine opposite
orientations, so that the determinant is instead everywhere negative, their images determine
opposite orientations on U, and hence Wy is bijective.

Now, by construction, for any collection of open subsets U; C M satisfying the hypothe-
ses of U above, the maps Uy, respectively send orientations of D|y, that agree on their
overlaps to orientations of U; that agree on their overlaps. In particular, if the full 2-plane
field D is orientable, cover M with subsets U;; the induced orientations on D|y, agree on
their overlaps, and so their respective images under Wy, together define an orientation on
M. Conversely, applying this argument instead to the respective images of orientations on

U; under \11511 shows that if M is orientable, then so is D. O
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Recall that generic 2-plane fields on oriented 5-manifolds D can be encoded uniquely as

(normal, regular) parabolic geometries (E,w) of type (ga, P).
given by (1.49), we may write the Cartan connection w as

o1
02
03
94
05
0

—(' + %)

(,08

S € €

o €

o € € ® €

A

—p4

In the representation of go

(1.54)

The grading on gy shows that the partial frame (0%), a € {1,...,5} pulls back via an

arbitrary local section of E — M to a local frame on M, which we denote (6%), and it is

adapted to D in the sense that

D = ker{f', 6, 6%}

and

[D,D] = ker{f", 6%}.

The curvature Q = dw + w A w of the Cartan connection w has the form

o o o o o o o

Sl

(1.55)
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where

N
(I)l CQ B2 Bg AQ A3 A3 A4

01 A 63
@2 03 B3 B4 A3 A4 A4 A5
3 C A Ay Ay A N
o B, B

_ 1 1 2 1 2 2 3 01/\94 (1.56)

oo D, 2C; 20y B, By By Bs

AN
@6 D2 202 203 BQ BQ Bg B4

RN
o7 E Dy Dy C; Cy Cy Cjy

0% A 6°

and ®g and P9 satisfy additional equations that we will not need. (This is taken from
[Nur05], though some of the matrix components of the representation of gy there differ from
those in the representation by constant factors, as do the coefficients A4;, B;, C;, D;,
E in (T.56).)

1.5.2 ODE realization of the geometry and a quasi-normal form
Consider ordinary differential equations of the form
2 =F(z,y,9,y" 2), (1.57)

where F is some function on an open subset of R?, and y and z are functions of . We
may realize such equations geometrically using the standard machinery of the geometry of
differential equations as follows [Nur05]: First denote p := ¢ and g := y”, so that R® denotes
xypqz-space. For any smooth functions y and z, the graph of the prolongation (z,y,/,vy", 2)
is tangent everywhere to the tautological 3-plane field defined by the conditions

dy —pdx =0

dp —qdzx = 0.

Any solution to (|1.57)) must satisfy an additional equation determined by F'; explicitly, the
prolonged solution (z(t),y(t),y'(t),y"(t), 2(t)) must be tangent to the field D defined by
dz—Fdzr =0
dy —pdx =0

dp —qdxz = 0.
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The 1-forms on the left-hand sides are linearly independent, so Dy has constant rank 2.
The vector fields 9, and D := 0, + pdy + q0p + F'0. are linearly independent and annihilate
those 1-forms, so together they span Dp everywhere.

Now, computing gives

[0q, D] = 0p + Fy0.,
which is annihilated by the 1-form dy — pdz and the linear combination
(dz — Fdx) — Fy(dp — qdx)
of the defining forms. So, [D,D] is the common kernel of those two forms.

Proposition 1.5.4. Let F be a real-valued function on an open subset of R®. The field Dp

is generic iff Fyq is nonvanishing.
Proof. Computing gives

[&1, [atp DH = quaz

[D7 [8(17DH = _ay + (DFq - [8q7D]F)8z-
Evaluating gives
(dx A dy A dp A dg A d2)(Dy A D A 94, D] A 9y, 193, DI A [D, [0y, DII) = —Fyg,
so the set
{04, D, [04, D], 104,94, D1}, [D, [0, D]]}
spans T'M and hence the plane field D is generic iff /i, vanishes nowhere. ]

Remark 1.5.5. Cartan studied exhaustively in [Carl5| the ordinary differential equations
(1.57) for which F, = 0.

The following proposition of Bryant and Hsu (following Cartan) shows that, locally,
all D are induced by functions F as above, defining a local quasi-normal form for generic
2-plane fields on 5-manifolds. It is possible for distinct functions F' and F to yield locally
equivalent 2-plane fields, that is, for a pair (F, F') to admit a local diffeomorphism ¢ such

that D7 = T'¢ - Dp, and so the quasi-normal form is not strictly normal.
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Proposition 1.5.6. [BH93, Section 2] Let D be a generic 2-plane field on a 5-manifold
M. For every point s € M there are local coordinates (x,y,p,q,z) on some neighborhood U

mapping s to the origin and a function F € T'(C*(U)) such that D|y= Dp.

Ezample 1.5.7. The plane field Dx induced by F(x,v,p,q, z) = ¢° is locally equivalent to
the plane fields of the orientable model in Subsection [Nur05, Section 5.3].

1.5.83 Nurowski’s canonical conformal structure

Recall the following construction of the model geometry of conformal geometry of signature
(p,q): Let (-,-) be a nondegenerate, symmetric bilinear form of signature (p + 1,¢+ 1) on

RPTLAHL Jet A be its null cone,
N = {X e RPFLOH 10} 2 (X, X) =0},

and let R be the ray space, that is, the space of null (open) rays in RP*%41 The projection
7w : N — R and the dilations 6°* : N' — N, s > 0, defined by 6°(X) := sX, realize N as
a RT-principal bundle over R. Pulling back the standard metric (the one induced via the
canonical identifications T,RPTH4F! o RPHLAFL 5 ¢ RPFLAFTL) by an arbitrary section of
g € T(N — R) defines a metric, which we also denote g, on R. By construction, any
other section (metric) is a nonvanishing C°°(R) multiple of g, so (-,-) induces the natural
conformal structure cg := [g] on R. By construction 7 : N’ — R is the metric bundle of ¢,
and ¢° coincides with the so-named dilations in Subsection[1.2.3] One can show that (R, cg)
coincides with the model geometry of the parabolic geometry of type (o(p + 1,q + 1), P)
discussed in Examples|1.1.7] and |1.1.21| [Sha97].

Now, taking (-,-) to be the bilinear form on Im O defined in Subsection yields a

conformal class on the space of the oriented model (R,Dg) of generic 2-plane fields on
5-manifolds described in Subsection Nurowski showed that, remarkably, one can gen-
eralize this construction and canonically assign to a generic 2-plane field D on a 5-manifold a
conformal class e¢p on M [Nur05]. We can see this efficiently using the language of parabolic
geometries. First, assume that M is orientable; recall again that we can canonically en-

code such a field D as a (normal, regular) parabolic geometry (E,w) of type (g2, P). Since
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P = GNP, where P is the stabilizer in O(3,4) of a null ray, Go/P is canonically isomorphic
to O(3,4)/P, and differentiating gives that g /p is canonically isomorphic to o(p+1, g+1)/p.
Define the P-principal bundle

E:=Exp P;

then, we may uniquely extend w (which takes values in g2) by P-equivariance to an o(p+
1,q + 1)-valued form w on E. By equivariance, (E,w) is a parabolic geometry of type
o(p+1,q + 1,P) and so it defines a conformal structure on M. (One can furthermore
show [HS09, Proposition 4] that w is in fact the normal Cartan connection associated to
that structure.) Since w extends w by P—equivariance, the curvature  of & extends the
curvature €2 of w by equivariance.

The construction of this conformal structure is local and does not depend on the orienta-
tion of the underlying manifold; so for a generic 2-plane field on a nonorientable 5-manifold
M, we may use it to define conformal structures on the sets in an open cover of M by
orientable sets, and these patch together to define a global conformal structure.

We henceforth refer to a conformal structure induced by a generic 2-plane field in this
way (whether the underlying manifold is oriented or note) as a Nurowski conformal
structure.

Consulting the bilinear form corresponding to the representation shows the
representative metric g € cp determined by the section o is just —2616° +2026* — (6)? (see

(1.54) and the paragraph following it for the definition of the frame (6%)).

Proposition 1.5.8. For any generic 2-plane field D, and with respect to the induced con-
formal structure cp, D is totally null (that is, D C D*) and [D,D] = D*.

We will invoke the latter equality regularly (even without explicit reference to the induced

conformal structure), and without comment.

Proof. These facts follow immediately and respectively from the above formula of the rep-

resentative metric in terms of (%) and the adaptation of that coframe to D. O

We can use the induced conformal structure of a generic 2-plane field on a 5-manifold

to produce various natural isomorphisms; we use them in the construction of the Cartan
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curvature tensor A € T'(S*D*) (see Subsection below).

Lemma 1.5.9. Let D be a generic 2-plane field on a 5-manifold M. There is a natural
isomorphism 1 : (TM/D)[—=1] S D*[1]. An orientation on M induces a natural isomor-
phism i : D = DH[—1], and composing these gives a natural isomorphism 7 = oy : D —

(TM/D4)[-1].

Proof. That D is totally null has two relevant consequences: First, lowering an index with
g descends to a map v : (TM/D+)[—1] — D*[1], and by construction it is an isomorphism.
Second, g defines a negative definite weighted fiber metric (which we also denote g) on
DL /D, that is, a section of (S%(D+/D)*)[2]. If M is oriented, by Proposition so is
D. Then, via the Levi bracket (defined in Subsection , this determines an orientation
on D+ /D and thus on the weighted bundle (D*/D)[~1], and then lowering an index with
the induced bilinear form g determines an orientation on (D*/D)*[1]. Since the lattermost
bundle has rank 1, there is a unique positively oriented section a € T'((D+/D)*[1]) that
satisfies g 7! (a, ) = —2. (This constant is chosen so that T has a simple formula in terms

of local frames of T'M that we produce later.) Then, define the map p : D = D*[1] by
p(X) = a(L(X A)),

or equivalently,

uw(X)(Y) = a([X,Y] + D).

It is an isomorphism because (again) the component A%D = D /D of the Levi bracket

is. O

By construction, reversing the orientation of M replaces p and 7 with their negatives.

Recall from Subsection that any function F(z,y,p,q,2) for which Fj, is non-
vanishing determines a generic 2-plane field Dy on a 5-manifold. Nurowski computed a
(formidable) formula, recorded here as in Appendix for a representative gp of
the conformal structure cp := cp, it induces. In particular, gr is polynomial in F' and
derivatives of F' of order no more than 4, and so if F' is real-analytic, so is gr and hence so

is c¢p. Computing directly shows that the determinant of the matrix of gp in the basis (w0?)
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(also defined in that appendix) is a real multiple of Fql;, and so (gr) ! is polynomial in F,

derivatives of F' of order no more than 4, and qu]l.

Ezample 1.5.10. [Nur05, Example 6], [NurO8bl Section 3] Suppose F' depends on ¢ = y”
alone, so that the corresponding differential equation is just 2z’ = F(y”). Then, cp contains
the Ricci-flat representative €Y gz, where T(q) satisfies an explicit second-order ordinary

differential equation.

1.5.4 Cartan fundamental curvature tensor

To any generic 2-plane field D on an oriented 5-manifold one can associate the curvature €2 of
the corresponding normal, regular parabolic geometry (F,w) of type (g2, P). The essential
component of €2 is the Cartan curvature tensor A € T'(S*D*) defined below [Carl0]. Its
role in the geometry of generic 2-plane fields on 5-manifolds is similar to that of Weyl
curvature in conformal geometry in dimension n > 4: Among other reasons, it is precisely
the obstruction to local flatness. In fact, below we derive A from the Weyl curvature of the

induced conformal class cp and extend the definition of A to fields on general 5-manifolds.

Let D be an oriented, generic 2-plane field on a 5-manifold, consider the induced con-
formal class cp on M, and let (F,w) and (E,w) respectively be the corresponding normal,
regular parabolic geometries of types (g, P) and (o(p+1,q+1), P); recall that E = Exp P
and that & is just given by extending w to E by equivariance. Coerce an arbitrary section
o € I(E) into a section & € ['(E) = ['(E x p P) by setting &(z) := [o(z),id] and let g € cp
be the representative metric determined by ¢ as in Example Now, the representation
of go corresponds in the sense of Subsection m to a bilinear form on R3* of the
form , so consulting lets us identify the Weyl curvature W of g as the piece of

the Cartan curvature taking values in o(h). Since ¢ and Q respectively extend o and
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by P-equivariance, 6*€) = ¢*(), which is given by (1.55). Explicitly, we have

10,50°NP =] @5 B 0 0 0

Lowering an index using g gives

Qapeal* N = —05 —® 0 0 0 |- (1.58)

-d; —Pd, 0 0 O

By construction, pulling back Qupcq via o just gives the Weyl curvature Wpeq of g.

Lemma 1.5.11. Let D be a generic 2-plane field on an oriented 5-manifold. The Weyl
tensor of the induced conformal structure cp satisfies W (-,-, X,Y) =0 for all X, Y € T(D4).

Proof. The field D is exactly the common kernel of #' and 62; consulting (T.58) shows that
Wapead® A 0° = 0 for ¢,d > 3, giving the claim. O

We are now prepared to define the Cartan curvature tensor A of a generic 2-plane field D
on an 5-manifold M. First, suppose that M oriented. The Weyl curvature W has conformal
weight 2, that is, we may regard it as a section of (®* T*M)[2]. Then, define A € I'(Q?* D*)
by

A(Zy, Zay Zs, Zy) =W (Z1,7(Z2), Z3,7(Z4)),

where 7 : D — (TM/D*)[—1] is the isomorphism defined in Lemma and where we
regard 7(Z2) and 7(Z4) as arbitrary representatives of those cosets in TM[—1]. By the
previous lemma, A is independent of the choice of those representatives. Since W has
conformal weight 2 and each argument 7(Z,) has conformal weight —1, A has conformal

weight 0 as indicated. Reversing the orientation of M replaces 7 with its negative, but
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because 7 occurs precisely twice in the definition, A is independent of the orientation of M.
It moreover depends only on local data, so we may define it for D on nonorientable M, too,
by defining it locally and patching as we did to define ¢p for generic 2-plane fields D on

nonorientable 5-manifolds.

Proposition 1.5.12. The tensor A is totally symmetric (for every generic 2-plane field D

on a 5-manifold M ), that is, we may regard A as a section of SD*.

Proof. Consider a local section o of E — M, let (6%) be the induced pullback coframe
on M, let (X,) denote the dual frame, and let g € ¢ denote the induced representative
—20'0° + 20%6* — (9%)2. Using g, we may freely identify weighted and unweighted sections.
By construction, D is locally spanned by X, and X5, and D is locally spanned by X3, Xy,
and X5. Then, lowering an index gives that the isomorphism v : D*[1] — (TM/D*)[~1] in

the proof of Lemma [1.5.9|is characterized by

V(0%p) = Xo + D+
Y(@lp) = X1 +D

where we may use g to regard unweighted sections as weighted sections of the indicated
bundles. Now, since 62 annihilates D, it descends to a section of ("M /D)*, and restricting
it, we may regard it as a section of (D+/D)* or (D+/D)*[1] (we denote this resulting section
by 63 too). Then, ?073 satisfies g~ 1(63,0%) = —%, so for the appropriate orientation on
the domain of o, we may choose that form for « in the proof of Lemma Using the

definition of u gives

p(X4)(X5) = a([Xy, X5] + D)

B0 ([ X4, X))

B[—df® (X4, X5) + X4(6°(X5)) — X5(6°(X4))).

The last two terms in brackets vanish because (/%) and (X,) are dual bases. Then, using

(1.54) and (I.55) and comparing the % components of the definition Q = dw + w A w gives

dg® = —%94 A 05, so substituting gives

u(X1)(X5) = —(0* N 6°) (X4, X5) = 1.
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Since p is antisymmetric by definition, this computation completely characterizes u, giving

Then, composing gives that the isomorphism 7 = ¢ o u is characterized by

7(X4) = X1 + D+

7(X5) = Xo + D+
Then, checking in the basis {X4, X5} of D, which involves consulting the Weyl curvature
[1.58] shows that A is fully symmetric. O

Remark 1.5.13. By construction, the coefficients of A in the frame of S*D* induced by the
coframe (6*|p, 8°|p) are just the coefficients Ay, ..., As in (1.56).

Remark 1.5.14. One can show that if A vanishes for a given D, then the full curvature

of the corresponding normal, regular parabolic geometry vanishes; so, A = 0 iff D is locally

flat. [Carl0]

1.6 Holonomy

1.6.1 Pseudo-Riemannian holonomy

The holonomy of a pseudo-Riemannian manifold (N, h) is a group that measures the failure
of parallel transport around closed loops (by the Levi-Civita connection V" of k) to preserve
geometric data; for the general material in this section, we partially follow |[Pet06]. For any
piecewise smooth curve v : [0,1] — N based at = € N, parallel transport along v with
respect to V" defines a linear map Py Ty 0)N — T q)N; if v is moreover a loop based at z,
then P, is a map T, N — T, N. By construction, parallel transport P, -1 along the reverse
loop v~ satisfies PW_IP7 =id, so P, € GL(T,N). In fact, since the metric is parallel with
respect to the Levi-Civita connection by definition of the latter, P, preserves lengths and

hence P, € O(T,N).

Definition 1.6.1. The holonomy (group) of the pseudo-Riemannian manifold (N, h)
based at x € M is the group

Hol, (N, h) :={Py : v € Q,(N)} < O(T,N), (1.59)
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where Q,(N) denotes the space of (piecewise-smooth) loops in N based at x.

Note that the holonomy is indeed a group because it is closed under composition: P,.,, =
P, P,, where - denotes concatenation. Picking an pseudo-orthonormal basis of a tangent
space T, N realizes Hol, (N, h) as an explicit subgroup of O(p, ¢) and any other choice yields a
conjugate subgroup, so without reference to bases we may regard Hol, (N, h) as a conjugacy
class of subgroups of O(p,q). Moreover, given a path a from = to y in N, we have by
construction that

Hol, (N, h) = Pp Hol, (N, h)P,—1.

Picking pseudo-orthonormal bases of TN and T, N and applying this identity shows that
the conjugacy class of Hol, (N, h) in O(p,q) is also independent of the base point x. So,
for path-connected manifolds, we may unambiguously refer to that conjugacy class as the
holonomy Hol(N, h) (or Hol(h)) of (N,h).

Similarly, the restricted holonomy (group) of (N, h) based at x € M is the subgroup
Hol’(N, h) < Hol(N, h) defined by

Hol, (N, h) := {P, : v € Q%(N)} < O(T,N),

where QU(N) denotes the space of (piecewise-smooth) contractible loops based at z. As
above, we may identify it with a conjugacy class of subgroups in O(p,q) (in fact, of its
identity component, SO™(p,q)), and this identification is independent of the base point z,
so we may again suppress the base point in the notation.

Directly applying the definition of holonomy to a product manifold
(N1, h1) x (Ng, ha) gives the product identity

HOl(xl,xg)(Nl X No,h1 & hg) = Hol,, (Nl, hl) X HOIxQ(NQ, hg), (160)

so any factorization of a pseudo-Riemannian manifold into a Cartesian product is reflected
in a decomposition of the holonomy.

Let (N,h) be a pseudo-Riemannian manifold, fix arbitrary x € N, and let T, N =
;. Ex be a decomposition of T, N into Hol, (N, h)-submodules. Since parallel translation

along loops based at x preserves this decomposition by definition, parallel transport of the
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subspaces Fj, defines respective parallel plane fields 7 and thus a global decomposition

T™ = P

into parallel plane fields. Because they are parallel, they are necessarily integrable. The
following theorem says that such a decomposition can be used to factor (N,h) at least

locally as a pseudo-Riemannian product manifold.

Theorem 1.6.2 (de Rham Decomposition). Let (N, h) be a pseudo-Riemannian manifold
and let TN = @, n, be a decomposition of TN into indecomposable Hol, (N, h)-submodules.

Then, any point x € N admits a neighborhood U with product structure

(U, hly) = (H U, » hk)
K B

such that TUy, = ng|u,. By construction, the holonomy group Hole(Uy, hy) of every factor

acts indecomposably on T Uy, respectively.

Remark 1.6.3. de Rham proved this result for definite signature [dR52] and Wu for arbitrary
signature [Wu64]. The form of this theorem given here is that of [Pet06, Theorem 56| (except
the statement there also points out if IV is simply connected and complete, the decomposition
can in fact be taken to be global). The critical difference between the definite- and indefinite-
signature cases is that the action of the holonomy group on the tangent space at a point
of a Riemannian manifold decomposes that space into direct sum of irreducible modules,
whereas for a general pseudo-Riemannian manifold, not all indecomposable modules of the

holonomy group need be irreducible.
The general-signature version of Berger’s Theorem imposes strong restrictions on the

groups that can occur as the holonomy of a simply-connected pseudo-Riemannian manifold

that is not locally symmetric.

Theorem 1.6.4 (Berger’s List). Let (N,h) be a simply connected pseudo-Riemannian n-
manifold that is not a locally symmetric space. If Hol, (N, h) acts irreducibly on T, N, then

up to isomorphism it is one of the following.

° If h has deﬁmte signatur@ (na 0)7 HOI(N7 h) is one Of the fOllOU}an SO(TL), U(%)7
SU(%), Sp(%) - Sp(1), Sp(%), GS (see Subsection , Spin(7).
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o If h has indefinite signature (p, q), Hol(N, h) is one of the following: SO(p,q), U(%,3),
SU(5, %), Sp(,4)-Sp(1), Sp(4, %), Ga, Spin(3,4), SO(n,C), G, Spin(7,C).

Remark 1.6.5. Berger’s original list contained several additional possible groups, in both
the definite- and indefinite-signature cases, which have since been shown to occur only for
symmetric spaces. By contrast, all groups given in the theorem as given here have been
realized as the holonomy groups of concrete pseudo-Riemannian manifolds that are not

symmetric spaces.

Because holonomy measures the failure of parallel transport to preserve geometric objects
on a pseudo-Riemannian manifold, a manifold with special holonomy (that is, holonomy
other than SO(p, q)) necessarily admits some parallel structure.

For a Lie group G < GL(n,R), a G-structure on an n-manifold N is a reduction of
TN to G, that is, a subbundle F of the frame bundle F of TN whose fiber E, at x € N
consists of a G-orbit of frames in F,. A G-structure F is parallel if it is invariant under
parallel translation, that is, if for any v € Q;(N) (say, with y(1) = y) and any (X,) € E;

we have (P,X,) € E,, where P, is parallel translation along ~.

Proposition 1.6.6. If the holonomy of a pseudo-Riemannian manifold (N,h) of signature

(p,q) is contained in some Lie group G < O(p,q), then h admits a parallel G-structure.

The main application of Theorem [2.1.2] in this work regards metrics of holonomy con-
tained in Gy (see Subsection and Section [3.1]); we record some specialized results about

such holonomy here.

Theorem 1.6.7 (Bonan’s Theorem). [Bon66/ Any manifold with holonomy contained in
Go is Ricci-flat.

Lemma 1.6.8. Given a 7-dimensional pseudo-Riemannian manifold (N, h), the holonomy
group Hole(N, h) is contained in G2 < SO(h) (which requires that N be orientable) iff h
admits a parallel 3-form ® of split type compatible with the metric in the sense that, up to
a constant factor

(dP)A(-LdP) AP = hvol.
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Proof. (=) If Hol(N, h) < Gy < SO(h), then by Proposition [1.6.6] (V, ) admits a parallel
Go-structure. By the characterization of Go in Subsection the fiber of that Gso-
structure over any point x € M can be regarded as the set of frames in which the coordinate
representation of some generic 3-form ¢, € A3T} M is given by a fixed split type (generic)
3-form on R” compatible with the metric on that space, for example, the ® on ImQ = R7
with the metric (-,-) defined in Subsection for an appropriate isomorphism. Since
the Go-structure is parallel, ¢, extends to a parallel local 3-form ¢ on M such that fiber
of the Ga-structure over any point y again comprises the frames with respect to which ¢,
has the coordinate representation of the fixed 3-form on Im 0. Patching these local 3-forms
together gives a global parallel 3-form of split type, and it is compatible with the metric

since ® is compatible with (-, -).

(<) If (N, h) admits a parallel 3-form of split type compatible with the metric in the above
sense, its holonomy is contained in the stabilizer in GL(7,R) of a 3-form of split type on

R, namely, Go. O

We can realize Gy in an alternate way, namely as the stabilizer in Spin™(3,4) (the
connected component of the identity of Spin(3,4)) of a nonisotropic (that is, non-null)

spinor ¢ € Az 4 = R® [Kat98, Corollary 2.1]. This gives the following:

Proposition 1.6.9. If a pseudo-Riemannian manifold (N, h) admits a nonisotropic spinor
1, that is a section of the spin bundle associated to A3 4, parallel with respect to the induced

spin connection, then Hol(N,h) is contained in Ga.

We can canonically assign a 3-form in A3(R3*)* to any nonisotropic spinor ¢ € Aszy:
For such a spinor, the map R3* — {p}+ C Az 4 defined by X + X -9 is an isomorphism (if
1 is null instead, the map has nullity 3), and so passing to bundles we may define a bundle

map X : TN @ TN — TN (that is, (2, 1)-tensor) by
Y X+ (X, V) = (X x V).

Checking shows that that lowering an index of x gives a 3-form ® of split type [Kat98]. By
construction, if ¢ is parallel with respect to the induced spin connection, ® is parallel with

respect to V.
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1.6.2 Normal conformal and ambient holonomy

We may likewise define the holonomy for a general connection V¥ : T'(E) — I'(E ® T*N)
on a vector bundle £ — N, which induces parallel transport maps P, analogous to the one
defined above. For any curve v : [0,1] — N, a local section s of E is parallel along v if
V. )s = 0. This equation is a first-order, linear ordinary differential equation, so define
the parallel transport map Py : E, ) — E, (1) to be (linear) map that sends X € E. o) to
s(7(1)), where s is the unique solution to V.(;)s = 0 satisfying s(7(0)) = X. By the same

arguments in Subsection if v is a loop based at x € N, then P, is in GL(E;).

Definition 1.6.10. The holonomy (group) of the connection V¥ is the group
Hol, (VE) := {P, : v € Q,(M)} < GL(E,),

Specializing E to TN and V¥ to the Levi-Civita connection V" of a metric h on N
recovers the notion of holonomy defined in Subsection [1.6.1]
Taking F to be the tractor bundle 7 defines a natural notion of holonomy for conformal

structures.

Definition 1.6.11. The normal conformal holonomy (group) of the conformal struc-

ture (M, ¢) is the holonomy Hol(V7) of the standard tractor connection.

One can show that this agrees with the standard definition of this group: Let (£ — M, w)
be the parabolic geometry of type (o(p+1,¢+1), P). Then, the normal conformal holonomy
is just the holonomy of the principal connection on the O(p + 1,¢ + 1)-principal bundle
Ex;O0(p+1,9+1) — M defined by extending w by equivariance.

By construction, the tractor metric g7 of a conformal structure (M, c) of signature, say,
(p, q), has signature (p + 1,q + 1) and is V7 -parallel, so V7 preserves lengths, and hence
Hol(VT) <O(p+1,q+1).

Since the tractor connection of a conformal structure (M, c) is essentially given by re-
stricting the connection V of any ambient metric (]T/f ,g)of cto G C M, and any loop in G
is also a loop in M, we always have Hol(VT) < Hol(V).

The following equality result for Einstein conformal structures can be found in [Lei04]

(for Einstein constant A # 0) and [Lei05] (A = 0).
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Proposition 1.6.12. If ¢ is conformally Einstein, Hol(VT) = Hol(V™), where V™ s
the Levi-Civita connection of the canonical ambient metric g°" (1.21)) of any Einstein rep-

resentative of c.

1.6.3 Leistner and Nurowski’s examples

We may associate to any generic 2-plane field D on a 5-manifold the normal conformal
holonomy Hol(cp), which again we may identify with its tractor holonomy Hol(V7). Recall
that if D is real-analytic, then so is ¢p, and thus by the discussion in Subsection [1.6.2| we may
investigate the holonomy Hol(gp) of a real-analytic ambient metric gp of ¢p. In principle,
the holonomy may depend on the choice of metric gp, but we will always be able to restrict
the metric to some homogeneous domain so that the relevant results apply. Recall from
Subsection that any function F(x,y,p,q, z) for which Fy, is nonvanishing determines
a generic 2-plane field Dg, and that any plane field D can be locally realized as a plane field
Dp for some such F. Then, if F' is real-analytic, by the observation in SO is ¢py, SO

the above yields a construction F' ~» Hol(gp, ). Summarizing, the chain of constructions is
F—Dp+—cp— §F = HOI(:qVF),

where we denote cr := cp,. and gr := gp,.

Strikingly, Leistner and Nurowski exhibited an eight-parameter class of (real-analytic)
functions F' for which the ambient holonomy of g is equal to Go. This result in large part
motivated the investigation of what became the primary application in this work, namely,

the relationship between general real-analytic local fields D and Gg holonomy.
Ezample 1.6.13. [LN10, Theorem 1] Define for a = (ao, . ..,as) € R” and b € R the function
Fl[a,b] by

Fla,b)(z,y,p,q,2) = ¢* + ao + aip + asp® + azp® + asp® + asp® + aep® + bz.

If at least one of a3, a4, as, or ag is nonzero, then, Hol(gpp,y) = Ga.

Remarkably, for any a and b, the conformal class cppap admits a representative g such

that in normal form with respect to that representative the real-analytic ambient metric
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JFlaz is given a by second-order polynomial in p:
Grlay = 2pdt® + 2tdtdp + t*(§ + 2Pp + t*Bp?),

where P and B respectively are the Schouten and Bach tensors. As usual, we suppress
pullback notation.

We outline here Leistner and Nurowski’s proof that Hol(gp[as) = G2 for the values of
(a,b) given in First, they construct an explicit nonisotropic spinor on the ambient
space parallel with respect to the spin connection induced by the Levi-Civita connection v
of gp[a,p), and so Proposition shows that the holonomy of each such metric is contained

in Go. To show that the holonomy is equal to Ga, they eliminate the other possibilities.

Proposition 1.6.14. Suppose a simply-connected, signature-(3,4) pseudo-Riemannian man-

ifold (N, h) has holonomy contained in Go. Then, at least one of the following holds:

e h is locally symmetric, that is, VPR =0
e h admits a parallel line field in a neighborhood of every point
e h admits a parallel, totally null 2-plane field

e Hol(h) = Gy

Proof. Fix an arbitrary point € N. If Hol(h) acts irreducibly on T, N, then by Berger’s
List (Theorem , either Hol(h) = Go or h is locally symmetric. So henceforth suppose
Hol(h) acts reducibly, say, that it preserves the proper subspace V' C T, M. Since dim T, N =
7, by replacing V with V= if necessary, we may assume dim V' < 3.

First assume that V is nondegenerate, so that V N V+ = {0}. Then, by the de Rham
theorem, N can be factored in some neighborhood of x as a nontrivial product (Ny, hy) X
(N2, ha), say, with dim N7 < 3. By Bonan’s Theorem (Theorem , h is Ricci-flat, and
thus so are hy and hg. Since dim Ny < 3, hq is actually flat and thus admits a parallel vector
field. Hence, its span is a parallel local line field on N near x.

Now assume that V is degenerate. If dimV =1 or dim V' = 2, then V itself is a parallel
null line or 2-plane field, respectively. Now suppose dim V' = 3; in this case [Kat98,Kop97]
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give that there is a line of pure null spinors parallel with respect to the spin connection
induced by h. Let ® denote a parallel 3-form stabilized by Gy compatible with the metric

h in the sense that, up to a constant factor,
(dP)A (L4 P) AN 1P = hvol,.

Let 1 be the spinor field that corresponds to ®. Then, for any nonvanishing local section ¢
of the line of null spinors, define the vector field V by transposing Clifford multiplication,
that is, by

hV,Y) = (Y -4,(),

where (-,-) is the metric on the spin bundle. By construction, scaling ¢ scales V', so this
transposition defines a parallel local line field. (In fact, these local fields agree on their

overlap, defining a parallel global line field.) ]

To eliminate the first three possibilities for the metrics indicated in Example [1.6.13
Leistner and Nurowski [LN10] proved the following technical result (which combines the

statements of several results in that article).

Lemma 1.6.15. Let D be a real-analytic, oriented, generic 2-plane field on a 5-manifold
M, and let (M, gp) be the real-analytic ambient manifold of the induced conformal structure

cp. Then,

e If gp admits a parallel line field, then there is a dense subset U C M such that cply

1s locally Einstein.

e If gp admits a parallel, totally null 2-plane field, then for any point there is a repre-
sentative g € cp for which there is a local g-parallel null line field L C T M near that
point such that Ricy(Lt,-) = 0; in this case, for any x € M, W(Y,K,K,X) =0 for
KeclL,, YeT,M, and X € Ly).

By this lemma and Proposition to show that the real-analytic ambient metric gp
of a real-analytic, oriented, generic 2-field field D on a 5-manifold M has holonomy equal

to Go (and not a proper subgroup thereof), it is enough to show that (1) there is some
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nonempty open subset of M on which ¢p is not conformally Einstein, and (2) there is some
nonempty open set such that that the manifold does not admit a pair (g, L) as in the lemma.

To do this for the indicated plane fields D, 3}, Leistner and Nurowski explicitly compute
tensorial data associated to the representative metrics of CDpjap) given by (some of it
is recorded here in Appendix and show that neither condition in Lemma can be
satisfied, completing the proof.
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Chapter 2

PARALLEL TRACTOR EXTENSION
2.1 The Parallel Tractor Extension Theorem

Section defined the standard tractor bundle 7 of a conformal structure (M, c) as the
restriction 7M |g of the ambient tangent bundle to the metric bundle, modulo the restriction
of the natural dilation action. Moreover, it showed that via this construction, the restriction
of the ambient connection, 6, to the metric bundle descends via the dilation action to a
connection V7 on 7. So by construction, any V7 -parallel section of 7 can be identified with
a section of TM |g parallel with respect to the restriction of \Y% (in particular, with derivatives
taken tangent to G). We investigate the conditions under which a parallel tractor can be
extended to a suitable parallel vector field on the ambient manifold, or more precisely, under
which there is a parallel vector field on the ambient manifold (or at least an open subset
of it containing the metric bundle) whose restriction to G is the parallel tractor identified
as above. We then study the same questions for parallel tractor tensors. By lowering
indices using the tractor and ambient metrics, for convenience we can derive results just for
covariant tractor tensors; one can then raise indices as desired to achieve the corresponding
results for contravariant and mixed tractor tensors.

Throughout this section, (M, ¢) is a conformal manifold of dimension n > 2. Denote the
metric bundle of ¢ by G, the standard tractor bundle by T, its connection by V7, let (M ,9)

be an ambient manifold for ¢, and let V be the Levi-Civita connection of g.

2.1.1 The main theorem

Recall from section [L.3] that the covariant rank-r tractor tensors can be identified with the
restricted sections y € T'(Q)" T*M |g) satisfying the homogeneity condition (§%)*x = s"x.

That development also showed that the tractor connection can be realized in terms of the
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ambient connection by the formula
Vix=Vvx,

for any V € (Tw)"(v). (Recall that the right-hand side of the above formula does not
depend on the ambiguity of this choice, because x has the stated homogeneity, which is
equivalent to the identity %TX = 0.) We will sometimes invoke this identification without
comment.

By the above realization of V7 in terms of %, the restriction of any parallel ambient
tensor Y € I'(Q" T “M ) to G is a parallel tractor tensor. Since we are interested in reversing
this restriction, and any parallel ambient tensor X in particular satisfies ﬁTi =0, or

equivalently, (0%)*x = s"X, we define the following:

Definition 2.1.1. An ambient extension of a rank-r tractor tensor y is a section ¥ €
I'(Q" T*U) satisfying X|g= x and (§°)*X = s"X, where U is some open, dilation-invariant
neighborhood of G in M.

The following theorem, the first main novel result in this dissertation, states that there

are always ambient extensions parallel in at least a limited sense.

Theorem 2.1.2 (Parallel Tractor Extension Theorem). Let (M, c) be a conformal manifold

of dimension n > 2, and let g be an ambient metric for c.

e If n is odd, any parallel tractor tensor x admits an ambient extension X satisfying

VX = 0(p™).

e If n is even, any parallel tractor tensor x admits an ambient extension X satisfying

VX = 0(p"*71).

(Here, p denotes the ambient coordinate determined by an arbitrary representative metric
gEc)

Gover proved this theorem in the special case when n is odd and r = 1 using a method
fundamentally different from that in the below proof; the same argument also applies to the

case n is even and r = 1.
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In the case that c is real-analytic and g is the unique real-analytic ambient metric (up to
extension and diffeomorphism fixing G pointwise), this theorem specializes to the following,
in particular giving in odd dimensions that a parallel tractor tensor always extends to a bona
fide parallel ambient tensor; this is the fact used in the main application of this theorem in

this dissertation, in Section [3.1

Theorem 2.1.3 (Parallel Tractor Extension Theorem: odd, real-analytic case). Let (M, c)
be a real-analytic conformal manifold of odd dimension, and let (M ,g) be a real-analytic
ambient manifold for c. Any parallel tractor tensor x on M admits a bona-fide (and real-

analytic) parallel ambient extension.

Before we give the proof of Theorem [2.1.2] we collect some technical facts about the
curvature of ambient metrics that will be used there, and prove two additional technical
lemmas.

Recall that a choice of representative g € ¢ induces a trivialization G <+ M x Rt and
thus defines an embedding M — G by = — (1,z) and, composing with the embedding
G — M , an embedding M < M (we will sometimes identify M with its images under
these embeddings). Via the normal form of the ambient metric, the choice g determines
an identification of M with an open subset of RT™ x M x R containing R™ x M, and this

induces a splitting of indices, A < (0, a, 00); explicitly, 9y = 0y and O = 0,,.

Lemma 2.1.4. For an ambient metric in normal form with respect to g € ¢, on M C M

the curvature R satisfies
D 5 d
(25 + 1)RABCoo,oo---;>o = RABC dpo-oo
8= s—1
provided either n is odd, or n is even and ||ABC|| < n — 2s + 1, where |||| denotes the

strength of the argument multi-indez.

Proof. All expressions are evaluated on M (that is, at t = 1, p = 0). First, assume that n

is odd. Contracting the Second Bianchi Identity reads

2§DE§CD[AB,E] 000 = 0
—

s—1
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Since g is Ricci-flat to infinite order, this reduces to

GPPRABCD B ooos =0
-1
after applying a symmetry. Expanding the trace using the normal formof gatt =1, p=0
gives

~ de S ~
RABCO,oo o000 T 9 e*RABCd,e o000 T RABCOO,O 0000 — 0.
S~~~ S~~~ S~~~

s—1 s—1 s—1

Now, Proposition [1.2.13] gives

RABCO,OO~~-oo = _SRABCoo,mmom RABCOO,OOOmoo = _(3 + 1)RABCoo,oo--~oo-
-1 —1 -1
Substituting and rearranging yield the identity for the case n is odd. If n is even, the
condition on the strength of ABC guarantees that the relevant component of the derivative
of the Ricci curvature of g vanishes, so that the Bianchi identity reduces as in the above

proof. O

Notice that when n is even, in the special case that ¢ is obstruction-flat and ¢ is an

infinite-order ambient metric, the strength condition can be eliminated.
Herein, A denotes the arbitrary multi-index Ay --- A,.

We invoke the following lemma twice in the proof of the theorem.

Lemma 2.1.5. Suppose c is a conformal structure with metric bundle G and ambient mani-
fold (]TI, g), let V denote the Levi-Civita connection of g, and suppose that 3 € T(Q" T*M)
satisfies (V'8)|g= 0 for l € {1,...,s — 1}, for some s > 0. Then, the value of a component
BA.By---Bslg of (V*+18)|g does not depend on the order of the last s indices, By, ..., Bs.

Proof. Consider any v, 1 < v < s — 1; we show that transposing the indices B, and B,
preserves the value of the component Sa p,..p, on G. This will prove the claim, because

such transpositions generate all of the permutations of By, ..., Bs. (Possibly) differentiating
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the Ricci identity gives

BAzBD‘"BU—le-Q—IBva+2“‘Bs

,
_ >y Q
= (ﬁA,BomBuH - E RB,UBUH AuﬂAl"'AuleAqul"'AT‘yBO"'B'ufl

u=1

v—1
5 Q
_ZRBUB,U+1 BuﬁAvBO'”BulQBuA»l'”Bv1) Bv+2"'Bs'
u=1

Distributing the derivatives and iteratively applying the Leibniz rule over the sums, the

above becomes

BA,Bo--By—1Bys1ByByyoBs = BA,Bo-Byy1 T YABo- B>

where « is some Z-linear combination of covariant derivatives of R contracted into covariant
derivatives of 8 of order between 1 and s — 1 inclusively. Restricting to G, those latter

derivatives vanish by hypothesis, leaving the desired equality. O

Proof of Parallel Tractor Extension Theorem. First, if r = 0, so that y is just a constant
function f, then the constant function on M taking on the same value is a parallel extension
of f (and the only such extension).

So, henceforth assume r > 1. Fix a representative metric g € ¢, and put g into normal

form with respect to g. Define ¥ € T'(®Q" T*M) by parallel transport of x in the p direction:

Explicitly, for each (to, zo, po) € M , define by parallel transport of X (¢,,4,,0) 2long

t0,20,00)
the curve p — (to, xo, p). Since parallel translation commutes with dilations, X is an ambient
extension. In fact, any parallel ambient extension of y must be parallel along these curves,
so if x admits any parallel ambient extension, it must be the candidate Y. In the language of
differential equations, the condition that an extension of x be parallel is an overdetermined
system of partial differential equations with initial value condition, and Y is the unique
solution to the ordinary differential system in p comprising a subset of those equations and
the same initial value condition.

We show below that 632 vanishes along G (that is, where p = 0) for all s > 1 if n is

odd and for 1 < s < 5 — 1 if n is even. Then, iteratively both expanding all but the first
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innermost covariant derivative in the Christoffel symbols ((1.22) and substituting shows that
62 vanishes to the stated order, completing the proof.
We first show that XA cc...oo = 0 (identically) on M. The case s = 1 holds by definition:

X is parallel in the p direction. Now, inductively suppose that XA sc...o.c = 0 on M for

l
1 <1 < s; expanding in Christoffel symbols gives

T S
X006 = OsoX A poiog — D Lo g XA Ay—1QAusrArgoog — D o L oo XA gor06Q 0000

s+1 s u=1 s u=1 u—1 s—u
The first and second terms vanish identically by the inductive hypothesis. Consulting
shows that f?ooo = 0, and so the last term vanishes, too, proving the inductive claim.

We proceed to the main induction, showing now for all s > 1 (and, if n is even, s < 5 —1)
that all the components X a B,..B,_; Of 65)“{ vanish on G.

In the base case, s = 1, the statement that xa g, = 0 for By = 0,by on G is equivalent
to the hypothesis that x is a parallel tractor; as in the base case of the previous induction,
the identity XA oo = 0 follows from the definition of X, completing the base case.

Now, assume inductively that 61)7 =0on G for 1 <[ < s;if n is even also assume
s < 5 — 1. To show that XA B,..5, = 0 and so complete the induction step, we partition

the step into several cases characterized by the specializations of the multi-index By - - - Bs.

CASE A (B # o)
Expanding in Christoffel symbols gives

XA,By--Bs = OB,XA,Bo--B,_1 + s

where v is a COO(M )-linear combination of components of %‘9)?, which by the inductive
hypothesis vanishes on G. Since Bs # oo, 0p, is tangent to G, and so the first term on the

right in the above expression also vanishes by the inductive hypothesis.

CASE B (B, = 00, B; # oo for some | > 0)
By Lemma [2.1.5] exchanging B; and Bj preserves the value of the component and so

reduces this case to Case A.

CASE C (By =+ = By = )
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Denote B = By. The induction argument preceding this main induction completes the
argument when B = oco. So, henceforth assume that B # oco. By the homogeneity of the
derivatives of , it suffices to prove the claim on M C G (that is, where t = 1, p = 0); all of
the following expressions are implicitly evaluated there.

Differentiating the Ricci identity gives

r
XA,B 0000 — XJA,OOB o000 T (Z RQAqu%A1~..Au1QAU+1~--AT> , 0000 *

s s—1 u=1 s—1

By Case B, the first term on the right-hand side is zero. Now, iteratively apply the Leibniz
rule to the second term: All of the terms in which at least one derivative index is applied to
X are zero by the inductive hypothesis, leaving just the term in which all derivative indices

are applied to the curvature factor:

T

~ o 'VQ ~

XA,B oo--00 = § R™ 4. Boo.co 00X A1+ Au1QAut1 Ay -
u=1 M

s = s—1
If B = 0, then by the first equation in Proposition the right-hand side vanishes, so
we henceforth assume B = b.
We now invoke Lemma[2.1.4] Let L be the index corresponding to @ when it is lowered;
then, when n is even, s < § —2 and n > 4, and so ||[LA,b|| <5 < n —2s+ 1. Thus, the

hypotheses of the lemma always hold. Applying it to the previous display equation gives

,
~ _ =0 ~
(2s + 1)XA,boo---oo =(2s+1) E R Auboo 0000 X AL Au_1QAus1-+-Ar

s u=1 a1

r

_§ pQ d >

- R Ayb 7dOO~~QOXA1"'A’u,leAuA»l"'A'r'
—

u=1 e

Reversing the previous argument involving the Leibniz rule and then applying the Ricci

Identity gives

.,
~ = d~
(25 + )X Abooog = (E R®, XA1~~Au1QAu+1-~~AT> oo 0g

s u=1 s—1

= (Xas' = XA doo--
Ab A b ooloo
—~—

- d ~ d
= XAb doooo XA, bd o0
S~—~— S~~~

s—1 s—1
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By Lemma we may permute indices to give

~ ~ d ~ d
(23 + 1)XA,boo---oo = XAb co-ocod XA, booood

s s—1 s—1
Now, expand the final covariant differentiation of each term on the right-hand size in terms of

Christoffel symbols. The previous parts of the induction step show that all the components

of Vsl X are 0 on G except perhaps XA poo-.o0; Using this and consulting (|1.22)) yields

E]

d — a5, A LTds O e
co-ood — YdXA D cooo dOXA b co-00 — TXAboo00
S~~~ S~~~ ~—~— ~

s—1 s—1 s—1 S

d

XAb

~ d A~ d oo~ ~
XA, boo-ocod — adXA7 boo-oo deXA7 0000 — XA,boo-00:
S~~~ S~~~ S~~~ ~

s—1 s—1 s s
Substituting these two equations into the previous display equation and rearranging then
gives

(2s+2— n)j(vA,boo-noo = 0.
Since s # § — 1 by hypothesis, dividing gives that the component XA pco...q vanishes on G
~—~—

s

as desired, completing the induction. O

We give a few examples of explicit extensions of parallel tractors.

Ezample 2.1.6. (Constants) As observed at the beginning of the proof, any parallel 0-tractor
(constant function) trivially admits a unique ambient extension to any ambient manifold

(]TI/ ,g), namely, the constant function on M that takes on the same value.

Ezample 2.1.7. (Tractor metric) Again trivially, for any choice of ambient metric g of ¢,
g is itself a parallel ambient extension of the tractor metric g7. Likewise, the identity
endomorphism idpj; of the ambient tangent bundle is a parallel ambient extension of the

identity endomorphism of the tractor bundle.

Ezample 2.1.8. (Einstein conformal scale) Suppose ¢ has an Einstein representative g, with,
say, Ricg = 2(n — 1)\g. Recall from Subsection that with respect to g, the Einstein
scale 1 corresponds to the parallel cotractor £ = (1,0, —\), and from Subsection that

¢ admits a canonical, Ricci-flat ambient metric, namely,

T (t,xz, p) = 2pdt? + 2t dtdp + t2(1 + \p)?g(x).
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Checking directly shows that E = (1 — Ap)dt — tAdp is an ambient extension of £ parallel

with respect to the Levi-Civita connection of g«".

The following proposition shows that on an Einstein conformal structure, parallel tractor
tensors (of arbitrary rank) always admit an ambient extension parallel with respect to the
canonical ambient metric. This is roughly equivalent to to |Lei04, Proposition 2| for non—

Ricci-flat structures and to [Lei05, Theorem 4.2] for Ricci-flat structures.

Proposition 2.1.9. Suppose ¢ has an Einstein representative g, with, say, Ricg = 2\(n —
1)g. Then, any parallel tractor tensor x admits an ambient extension parallel with respect

to the Levi-Civita connection of the canonical ambient metric ge®".
To prove this efficiently, we use the following lemma.

Lemma 2.1.10. Consider a pseudo-Riemannian manifold of the form (N x R,h), let \Y
denote the Levi-Civita connection of h (which need not be a product metric), let s denote
the standard coordinate on R, and suppose that 05 € T'(T(N x R)) is ﬁ—pamllel. Suppose
X € T(Q"T*(N xR)|nxqoy) is parallel with respect to the restriction of V. Then, the tensor
X e T(®"T*(N x R)) defined by translation of x in the R-direction is V-parallel.

Proof of Proposition[2.1.9. If X\ # 0, then in the coordinates (u, v) defined by u = t(1+ Ap),

v =1t(1 — Ap), the canonical ambient metric has the form

- 1
g = ﬁ(du2 — dv?) +u?g.

This is a product decomposition of g, where one factor is a (negative-definite) line with

coordinate v, so 0, is %—paraﬂel, where V is the Levi-Civita connection of gean.

Now, in
coordinates (u,s) = (u,v —u), G = {s =0} and d5; = J,, so the lemma yields a parallel
extension of x.

Now, if A = 0, then in the coordinates (t,s) defined by s = pt, the canonical ambient

metric is

g = 2dtds + t3g.

Computing shows that Js is ﬁ—parallel, and G = {s =0}, so the lemma again yields an

extension.
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Remark 2.1.11. Since any parallel extension to M is unique, the tensor Y produced in
the previous proposition agrees with the ambient extension X constructed in the proof of

Theorem 2.1.2] to infinite order.

Proof of Lemma[2.1.10} Since 0; is parallel, it is Killing, so h and hence V are invariant
under the flow of Js, which is just given by the translations p,(z,s) := (z,s + a). So, for

any Y € T(N x R), say, with base point (z, s),

(%YSC/) (z,8) — (Misﬁ)y(uis%) (z,s)

= 'uis(%dﬂis(Y)X)ufs(%S)

= ’u*_s(%dufs()/)%)(a:,o)‘

Thus, to show that X is 6—parallel, it suffices to show that 65/2 just for Y € T(N x R) with

base points (z,0). Now, since y is parallel and X extends x, for Z € T(N x {0}) we have
VzX = Vzx = 0.

Because 0s|(y,0) and T, 0)(IN x {0}) span T, 0)(INV x R) for all y € N, to prove that VY =0
it only remains show that 6382 = 0. Now, by definition ¥ is invariant under the flow of O,
that is, L5, X = 0. Using the index notation formula for the Lie derivative, £, in terms of a

torsion-free connection gives
T
0= (Easi)ar--ar = (OS)biar“amb + Z(as)bvau%al'“au—lbau+1“'ar‘
u=1

By hypothesis 9, is parallel, so each term in the summation is zero, leaving the desired

equation 6352 = 0. O

Remark 2.1.12. The explicit form of the ambient metric of a Einstein conformal structure ¢
makes it possible to compute the ambient extensions of tractor tensors for such structures.
For example, the parallel tractor r-form whose representation with respect to the Ein-

stein representative g € c is

X—» y X+ (21)
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has parallel extension

X(t @, p) =t (1+Xp) " dt A (x— + px+) + (14 Ap) X0

N Ap) At Adp A xE (14 Ap) " Hdp A Xt

The following proposition shows that at least on obstruction-flat manifolds, the exten-
sibility of a parallel tractor tensor to infinite order is obstructed only at the critical order

n_,

Proposition 2.1.13. Let (M, c) be an obstruction-flat conformal manifold with even di-
mension n, and let g be an infinite-order ambient metric for c. If a parallel tractor tensor
x € T(Q" T*) has an ambient extension X' satisfying VY = O(p™?2), then it has an ambient
extension X satisfying x = O(p™).

Proof. Let x be the ambient extension of y defined in the proof of the Parallel Tractor
Extension Theorem. Then, by construction, ¥ — X' = O(p) and %8,, (X —X) = O(p?).
Expanding the left hand side of the second equation in Christoffel symbols, inductively
differentiating with respect to p n/2 times and evaluating at p = 0 at each step yields
X —X = O(p"*t1), and thus VY = O(p"™?). The induction step in the proof of Theorem
works for s # § — 1, so applying the induction argument to %)Z beginning at order 7
gives that %5{ = O(p>). (The induction uses Lemma which by the comment after its

proof applies in this context, because ¢ is obstruction-flat.) ]

2.1.2 Holonomy reduction of ambient metrics

If a conformal structure ¢, say, with signature (p,q), admits a parallel tractor x, then the
conformal holonomy of ¢ reduces to a subgroup of the stabilizer of x at a point. So, when
there exists a bona fide parallel ambient extension y of y with respect to an ambient metric
g for ¢, which occurs at least when n is odd and c is real-analytic (by Theorem or c
is Einstein (by Proposition , then the holonomy of the ambient metric is reduced to a
subgroup of O(p+1,¢+1). In the case that ¢ is Einstein, the ambient holonomy reduces as
follows. Compare this result with Proposition which gives the specialization of this

proposition to conformal structures induced by generic 2-plane fields on 5-manifolds.
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Proposition 2.1.14. Let (M, c) be an Einstein conformal structure of signature (p,q), say
with Einstein representative g € ¢ and Ricg = 2(n—1)Ag, let £ € T(T) be the corresponding
parallel tractor, let g°®" be the canonical ambient metric defined in (1.21), and let = be the

unique g-parallel ambient extension of £&. Then,
o If A <0, then Z is spacelike, and Hol(g**") < O(p,q+ 1).

o If A\ =0 (i.e., g is Ricci-flat), then = is lightlike, and Hol(g**") is contained in the
stabilizer in @(p+1,q + 1) of a null vector in RPFLI+L

o If X\ >0, then = is timelike, and Hol(g**") < O(p+1,q).

If X #£ 0, then any point in M admits a neighborhood on which g decomposes as a pseudo-
Riemannian product metric (V,k) x (U, h) such that TV = span{Z}|y and TU = {Z}*|y.

Proof. Using the formula after Proposition m gives g7 (£,6) = —2\ (or, equivalently,
g°*"(E,Z) = —2)). The respective stabilizers in O(p+ 1, ¢+ 1) of a spacelike and a timelike
vector in RPHLA+L are, respectively, O(p, ¢ + 1) and O(p + 1, q).

Since Z is parallel, so are span{=} and {Z}+, and if A # 0, then span{Z} N {Z}+ = {0}.
Pick an arbitrary point € M; by construction, span{Z,} and {Z,}* are HOII(M, geem)-
submodules; decompose the latter into a direct sum € j E; of indecomposable submodules.
Then, span{Z,} ® P, £; is a decomposition of T, M into indecomposable Hol, (M, §eam)-
submodules, so the de Rham Theorem (Theorem yields a decomposition of some
neighborhood of z into a pseudo-Riemannian product manifold (V. k) x ([[; U;,D; k).
Denote U := [[Uj; by construction, TV = span{Z}|y and TU = {Z}*|y. (This prod-
uct decomposition result can be proven more efficiently using another form of de Rham’s

Theorem, for example, [Wu64, Section 2].) O

These results are essentially contained in those cited for Proposition and the
observation about the relationship between the sign of the Einstein constant, A, and the

sign of g7 (¢,¢) is implicit in [Govl Section 2].
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2.2 The critical order for n even

In this section, (M,c) is a conformal structure of even dimension n > 2. Recall that in
this case, a conformal structure only determines an ambient metric up to diffeomorphism
and up to an ambiguity at order n/2, and that a choice of this ambiguity determines the
ambient metric to infinite order. For an arbitrary parallel tractor tensor y, Theorem [2.1.2
only guarantees the existence of an ambient extension parallel to order § — 1, and so the
existence of an ambient extension parallel to infinite order a priori may depend on the choice

of the ambiguity. In this section, we develop some criteria for uniqueness of an ambient

metric for which x admits an ambient extension parallel to infinite order.

2.2.1 Determining tractor tensors

In this section we restrict attention to obstruction-flat conformal structures, by loosening
a hypothesis in the formulation of the ambient metric, one can extend this investigation to
non-obstruction-flat structures; see Section [3.3] for more discussion of this point. Recall that
in this case, Proposition [2.1.13| says that if a parallel tractor tensor y admits an extension
parallel to order &, then it admits an extension parallel to infinite order.

We formulate a condition on parallel tractor tensors x that guarantees uniqueness of an
infinite-order ambient metric (see Subsection for which y admits a parallel extension,
but not necessarily existence. Recall that 1-forms on M can be embedded naturally in the
set of tractor 2-forms just by insertion into the injecting part, or by raising an index with
respect to g7, in the space of adjoint tractors (that is, g7 -skew tractor endomorphisms),
I'(AM). Explicitly, let 7 : G — M denote the natural projection. Then, for any n € T M,
pulling back to the metric bundle yields a section 7*n € I'(T*G|;-1(,)) that annihilates T4,
and since T4 spans the annihilator of TG C T M , we may regard w*n as an element of

TH(—=1)mod T4. So, define a bundle map ¢ : T*M — AM by
() p = 2(97)“Tie (" n) ),

where 71 is any representative of 7*(—1)mod T 4; because this quantity is skewed with

T4, L(n)AC is independent of this ambiguity. With respect to the splitting induced by any
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choice of representative g € c,

0 M 0
L(U)AB = 0 0 —m°
0 0 0

The map ¢ is an adjoint analogue of the natural injection D[—1] < T defined in Subsection
Now, for any tractor tensor x € I'(Q" 7*) define another bundle map, F) : T*M —
Q" T*, by

Fx(n) := (n)-x,

where . denotes the natural action of AM on ®" T*; explicitly,

T

[Fem)]a ==Y )%, XA1Au 1QAuyr A

u=1

Definition 2.2.1. A tractor tensor x is determining if the induced map F, : I'(T*M) —

I'(Q" T*) on sections is injective; a tractor is nondetermining if it is not determining.
The primary purpose for this definition is the following consequence:

Proposition 2.2.2. Suppose n > 2 is even and that c is obstruction-flat. Suppose x is
parallel and determining. Then, there is at most one infinite-order ambient metric for which
X admits an ambient extension satisfying %)Z = O(p"/z). (If there is such an ambient metric,
Proposition shows that x moreover admits an extension satisfying 67( = O(p>) for
that metric.)

Proof. Put g into normal form with respect to an arbitrary representative g € c¢. If xy admits
an ambient extension satisfying 65{ = O(p”/ 2), then commuting covariant derivatives and
distributing the covariant derivative indices as in the proof of the Parallel Tractor Extension

Theorem gives

n/2—1 n/2—2
r

== ZEbOOQAu%AI"'Au—lQAu+1"'Ar 100709
u=1

n/2—2

_ § : Q i
- Rboo Au7oo--‘ooXA1“'Au—lQAu+1"‘Ar'
N—~—

u=1 n/2-2
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The only components of curvature that appear in the sum that depend on the ambiguity in

q .

the ambient metric are those of the form ﬁboooa and R the others are determined by

boo o0’
g.
Henceforth, we restrict to M C M. For an arbitrary vector field V € IN(TM), de-
fine n, = Vbﬁooaboom...oo. Unwinding the definitions, L(T])QA = _VbﬁoonA,oo-noo for
S~—~— ——
n/2—2 n/2—2
Q _o0 Q _4q Q _ : Q :
4 = "gand ¥, =9, and «(n)*, = 0 otherwise, so ¢(n)~, comprises exactly the part
of —VbéoonAmmoo that depends on the ambiguity in the ambient metric, so DQA =
—~—
n/2—2
~V*R oon A oo™ L(T})Q 4 is independent of the ambiguity in the ambient metric. Contract-
n/2—2

ing V into the previous display equation gives —V? Sy ‘ébooQAu,oo-noo%Al"'Au—lQAu+1"'Ar =

n/2—2
0, which can be rewritten as F\(n) = —D.x. Since x is determining, at most one choice of

7 satisfies this equation. Since the choice of V' is arbitrary, there is at most possibility of

Rocaboo,00--00; this tensor parameterizes the ambiguity in the ambient metric, yielding the

n/2—2
desired uniqueness. O

Tractor tensors sometimes fail to be determining.

Ezample 2.2.3. By definition, for y € T'(Q" T*) 2 £ we have Fy(-) = «(-).x = 0, so functions

are never determining.

Ezample 2.2.4. Example observes that g7 admits parallel extensions for more than one
choice—in fact, every choice—of ambient metric, so it is not determining. Indeed, 8.g7 =0

for every adjoint tractor 5.

Proposition [2.2.2] can be plied to show in several important cases the uniqueness of an
ambient metric g (in the sense described in the proposition) for which a parallel tractor
tensor admits a parallel ambient extension. In some cases, we will need explicit formulas
for the components of F, with with respect to the splitting induced by an arbitrary choice

of representative g € c. For example, if x is a tractor 1-form, then

[Fx(m)]a = (0, =maX0: 1"Xq): (2.2)
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and if x is a tractor r-form, > 1, then

_Tn[al X|O|(Z2"'ar}

(Fx(n)a = {0, »N"Xqag+a, + (1= 1)1ljas Xjooolag-a,) | € T (A"T7). (2.3)

N X0gag-+ia

If W is an irreducible O(p+ 1, ¢+ 1)-representation and W is the tractor tensor bundle it
induces, by Theorem a parallel section y € I'(W) can be recovered from its projecting
part a := Ilp(x) using the BGG splitting operator Lo for W. (Recall that Theorem
strictly applies to a larger parabolic subgroup of O(p + 1,¢ + 1) with the same subalgebra
p of P, but that result appears to be true for P, too; we henceforth assume that it is.) So,
one can write Fy in terms of «, that is, as F7, (), and investigate the determining criterion

in terms of that typically simpler object.

Ezample 2.2.5. If W = [J (the standard representation), so that y is a parallel tractor 1-form
and its projecting part is a := xo = Ip(x), then composing with the BGG splitting
operator gives

[Fx(m]a = (0, =nac, nexg), (2.4)

0
Ezample 2.2.6. If W = r, so that x is a tractor r-form and its projecting part is

U]
Qgg-a, *= XOag--ar, then composing (2.3) with the BGG splitting operator (1.41)) gives

_Tn[m aag---ar]

(Fx(n))A = 0, 777qa[a2~--ar,q] — 1171—;7"—1}-277[’12a|q\a3---ar],q el (ATT*) . (2.5)

ntagag--a,

Recall from Proposition that a nonzero parallel cotractor x defines an almost
Einstein scale, and from Proposition that its projecting part xo = Ip(x) is nonzero

on a dense subset of M.

Proposition 2.2.7. Any nonzero parallel tractor x € T'(T*) is determining.

Proof. By (2.4), [F\(1n)]a = —7MaXxo- Since x is parallel and nonzero Proposition m gives

that yo is an almost Einstein scale, and so by Proposition [1.3.9|it is nonzero on a dense

subset of M. Thus, if [F(n)] = 0 then 1 = 0, that is, x is determining. O
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Together with Example this proposition immediately yields the following:

Corollary 2.2.8. Suppose n > 2 is even and that ¢ contains an Einstein representative g.
Up to infinite order and diffeomorphism fizing G pointwise, the canonical ambient metric
g™ is the unique infinite-order ambient metric for ¢ for which the Finstein scale x admits an
extension X satisfying 65{ = O(p"/ 2). In particular, if c is real-analytic, then the canonical

n

ambient metric g°" is the unique real-analytic ambient metric (up to diffeomorphism fixing

G pointwise and up to extension) for which x admits a parallel ambient extension.

Higher-rank parallel tractor tensors exhibit more varied behaviors. We first consider
parallel tractor r-forms x and then first the special case r = 2. As above, we denote the

projecting part of a parallel tractor r-form by agy...q, = X0ag--a,-

Proposition 2.2.9. A parallel tractor x € T(A*>T*) is determining iff its projecting part is

non-null on a dense open subset of M.

Proof. As before, denote the projecting part of x by a := Ilp(x). If x vanishes anywhere,
then it is the zero tractor tensor; so, trivially, it is nondetermining and ayaf = 0. Thus,
assume henceforth that y is nonvanishing; in particular, recall from Proposition that
«v is nonzero on a dense subset of M.

Suppose that F,(n) = 0. Equation gives that 0 = [Fy(1)]ap = —27m,q). Since oy
is nonzero on a dense open subset U C M, n,|y= fau|y for some function f € C*(U).
Consulting again gives that 0 = [F\(1)]osc|v= (Nleg)|v= f(ga?)|v.

So, if aya? is nonvanishing on a dense subset V' C M, then f is identically zero on the
dense subset U NV C M. Thus, n,lyv= flvaa/v= 0, and by continuity, n, = 0, so x is
determining.

Conversely, suppose agza? vanishes on some nonempty, open set W, and let ¢ be a
bump function supported in W. Since « is nonzero on a dense subset of M, Ya # 0;
we show that F\(¢«) = 0, which gives that x is not determining, by showing separately
that its components F) (1)a)ap vanish. Consulting gives that [F\(¢a)]oe = 0, and
substituting gives [F\(Ya)]ay = =29 = 0. Also, [Fy(Ya)]ose = tagal; this vanishes

on W by definition, and it vanishes on the complement of W because ¥ does. It remains to
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check that [F) (¥a)]ocq = 0. Substituting in the formula from (2.5)) gives
[Fyx(¥a)]oca = (Yo )ap,q — %(waa)aq’q =9 (%aqamq - %aqaq,a - %aaa%q) :

Since « is null, differentiating gives 0 = (aq09), = 20%a44, so the second term in the
parentheses in the rightmost expression vanishes. Contracting « into the conformal Killing
form equation ©g(a) = 0 (see (L[.42)) gives alagq — 20! = 0, so the remaining terms

in those parentheses vanish, and so F) (1a) vanishes as desired. O

We can give a similar result for all (not necessarily parallel) tractor r-forms, for all » > 2.

As before, let a denote the projecting part of x.

Proposition 2.2.10. Suppose x € T'(A"T™*), r > 2 is nondetermining. Then, at least one
of the following holds:

1. The projecting part o vanishes on some nonempty open set.

2. There is a nonempty open set U such that a|y= B Ay, where € T'(T*U) is null and
v € D(A™2T*1)).

In particular, if the conformal structure c is definite, then (1) holds. If instead x is parallel
and nonzero, (2) holds.

Proof. By definition, there is some nonzero n € I'(T*M) such that F\(n) = 0. Then,
the formulas for the a;---a, and Ooccas - --a, components of F\(n) in Equation (2.5)) give
respectively that n A a and 1 _J «a both vanish identically. Then,

O=nA@la)+n I(mAra)=(nn)a

So, if (i) does not hold, then 7 is null on a dense subset of M and hence, by continuity,
everywhere. Let U be the (nonempty) set on which 7 is nonzero. Then, n A a = 0 implies
that a|y= n|yAy for some v € T'(A"~2T*U). Taking 3 = n|y satisfies the hypothesis.

If x is also parallel and nonzero, then by Proposition « is nonvanishing on a

dense subset of M, eliminating the possibility of (1). O
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This proposition, together with Proposition [2.2.7] gives the following result in the special

case that c is definite.

Corollary 2.2.11. Suppose c is definite. Then, any nonzero parallel tractor r-form, x €
L(A™T™), r > 1, is determining.

We produce analogs of the above results for sections of tractor tensor bundles induced
by irreducible O(p + 1, ¢ + 1)-representations. To do so, we use the fact that, because F) is

defined by an endomorphism action, it obeys a corresponding Leibniz rule.

Proposition 2.2.12. The operator F), satisfies
S
Fog.gyom =Y xPe-ax" Ve Fumex" e - ox®.
v=1
Proof. Applying the definition,

Fvg. gy () = t(n)- (M @ - @ x®)

= Z X(l) R ® X(”—l) ® [L(??)-X(”)] ® X(U“’l) R ® X(S)

O]

Let A = (r1,...,75) be a partition of some nonnegative integer r with r; 4+ 79 < n; recall
from Subsection that we denote the corresponding O(p + 1, g + 1)-representation by
Spy(RPFLH* - For j = 1,...,s, let AU) denote the multi-index Agj) . Ag) Then, we
may write any section of the corresponding tractor tensor bundle,

s r
W:=Ex,Wc QAT QT
j=1

(see Subsection [1.3.4]) as X aq)...o(s), in particular so that for each j, x is antisymmetric in
the indices constituting AU), which correspond to the jth column of the Young diagram

defined by A.
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Examples [1.3.11] and [1.3.12] together with further experimentation not recorded here

suggests that for a general nontrivial irreducible O(p + 1,¢q + 1)-representation W, the

induced canonical projection W — W;, can be identified with the map

XA ..A() 77 XOagl)---aSl)'~~0a(23)---a$33)

where we regard the right-hand side as an element of (®j:1 A" YT M) [r]. Equivalently,
this is the map given by contracting x5 1)...a(s) With ’]I‘Agl) e TAgs) and pulling back by the
inclusion G < M. For any Young diagram Y (necessarily marked with a subscript 0),
call the statement that this map is indeed the canonical projection for the corresponding

irreducible O(p + 1, ¢ + 1)-representation W the tractor projection hypothesis for Y.

Proposition 2.2.13. Suppose X\ = (r1,...,7s) is a partition for which rs = 1. If x
is a monzero parallel section of the bundle W induced by the irreducible O(p + 1,q + 1)-

representation Spy| (RPHLaT1* then x is determining.

Proof. Suppose that the Young diagram has column heights vy > --- > r, = 1. First

suppose that y can be written as

where x() € T(A™=T*) for 1 < u < s. (Any section y € I'(W) can be written as a linear
combination of such tensors.)

For 1 < u < s — 1 denote by A(_u) the multi-index Oagu) . ~-a$u). We compute the

u

component FX(/],])A(_l)”.A(_S—l)A: By Proposition [2.2.12]

FX(T])A(_l)---AS}_l)A

s—1
1 u—1 u+1 s—1 s

1 s—1
W, - x;(j,)w[Fx(s)(n)]A-

Now, each factor [F)w)(n)],w vanishes by equation (2.2)) (if 7, = 1) or (2.3) (if 7, > 1),
leaving only the last term:

1 s—1
Fx(’?)AQ),,,Ags—l)A = X(A)_ e X(A_ )[Fx(s) (77)]/1
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By 22). [Fyo (m)]a = 1y, s0
Fy () A0 A1 = TaX A5G-

By linearity, the same holds for arbitrary tractors y, not just those admitting the decompo-
sition (12.6). Now, x AW AG-Dg is the projecting part of x; since it is parallel, Proposition
1.3.18| gives that it is nonzero on some dense subset U C M. So, if F\(n) = 0, then 7 is zero

on U and by continuity on all of M, that is, x is determining. O

Proposition 2.2.14. Suppose that the tractor projection hypothesis holds for a partition
A= (ri,...,rs) of ¥ > 0 with r1 + 9 < n and that c is definite. If x is a nonzero
parallel section of the bundle W induced by the irreducible O(p + 1,q + 1)-representation

Sy (RPFLAHNY* “then x is determining.

Proof. We use the notation of the proof of the previous proposition. Write x in index
notation as x o (1)...a(s—1) o - If we pick local coordinates, fixing the multi-index A(_l) e A(_s*l)

yields a tractor rs-form p € T'(A™T*). Arguing as in the proof of Proposition [2.2.13| gives

with the multi-index A(l) e A(S_l) fixed.

that F,(n)a is then simply [Fx(n)]A(_l)___A(_s_l)A bl =

Suppose x is nondetermining, say that the nonzero 1-form n € I'(T*M) lies in ker F,

and let U be some nonempty open set on which 7 is nonvanishing. Since y is nonzero

and parallel, by Proposition [1.3.18| the projecting part XA AG—D A of x is nonvanishing

on some dense open subset on M, so we may replace U with some nonempty subset on
which both n and x A A=D1, are nonvanishing. Replace U again with a coordinate
chart on some subset of U; then, there is some multi-index A(f) e A(f_l)A_ for which the
component X , (1) ,(s-1, is nonzero on some open subset of U, and we yet again replace
U with this subset. Fix just the multi-index A(_l) e A(_S_l)7 which yields a tractor form u
as above. By construction, F,(n|y) = 0 but n|y# 0 and hence p is not determining. On
the other hand, the projecting part pa_ of u is just the projecting part of x with the multi-
index A(_l) S A(_Sfl) fixed, and thus it is nonvanishing on U. This contradicts Proposition

2.2.10} so x must be determining. O

Remark 2.2.15. As in Proposition [2.2.10] in the case r > 2 we could have instead produced a

stronger result, giving necessary conditions for 7 to be in ker F), from which the stated result
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for ¢ definite would follow; for parallel sections x of bundles W corresponding to general
Young diagrams, though, the analogous conditions on 7 are substantially more involved

than for r-forms.

To illustrate how to analyze tractor tensor bundles induced by general (not necessarily
irreducible) O(p+1, g+ 1)-representations, we determine a necessary and sufficient condition
for a general parallel 2-tensor to be determining. Recall that the decomposition of ®2 T*

into irreducible O(p + 1, ¢ + 1)-subrepresentations is

& T =e0[ o)

The projections of x € I'(®? T*) onto the corresponding subbundles are

()]s = (n+2)"'x%ghs

Mgz ()] a5 = x(ap) — (0 +2) "X 94s

Mp27+(X)]aB = X[AB]-

One can show that [Ty satisfies the tractor projection hypothesis, so the projecting

parts of the second two tractors are

[Mgz7- (x)]oo = X00

[[p2 7+ (X)]ob = X[0b]-

Proposition 2.2.16. Suppose x is a parallel tractor 2-tensor. Then, x is determining iff

X00 S nonzero or x|op) S non-null on a dense subset.

Proof. 1t suffices to show that IIgz7- (x) or ITp27+(x) is determining.

Since [T satisfies the tractor projection hypothesis, Proposition 2.2.13 gives that if
xoo = g2 (x) is not identically zero then x is determining. Alternately, if [IIx27+(x)]op =
X[ob) 1s non-null on a dense subset, then applying Proposition shows that ITy27(x) is
determining.

Suppose xqo is identically zero and x|p) is null on some nonempty open subset. Then,

HS(%T*X =0 and so

FX = FHtrivX + FHs(?)T*X + FHAQT*X = FHAQT*X
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Since [TTx27+(X)]ob = 2X]op) is null, by Proposition Fy = Fu,,_.y is not injective, and

so x is not determining. O
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Chapter 3
APPLICATIONS

3.1 The ambient holonomy of Nurowski conformal structures

The group G2 was among the last on Berger’s List (see Theorem to be realized as the
holonomy group of a pseudo-Riemannian metric. Bryant indicated the construction |Bry87]
of the first known example of a metric with Go holonomy, and Leistner and Nurowski
constructed [LN10| the 8-parameter class of such metrics described in Example In
this section, we demonstrate that applying the Fefferman-Graham ambient construction to

Nurowski’s conformal structures produces a rich, new class of examples.

3.1.1 Go holonomy

Hammerl and Sagerschnig proved that a conformal structure induced by a generic 2-plane
field on an orientable 5-manifold admits a certain kind of parallel tractor object. Call a
(tractor or ambient) 3-form split type if its restriction to each point is split type (see
Subsection . (If the 3-form is parallel with respect to the corresponding connection,

to determine whether it is split type it suffices to check one point.)

Theorem 3.1.1. [HS09] A conformal structure ¢ on an orientable 5-manifold admits a split

type, parallel tractor 3-form ® € E4pc) compatible with the metric, that is, satisfying
(AB)YA(-L®)AD = Ag" (-,-)vol” (3.1)

for some A € R*, if and only if it is induced by a generic 2-plane field, that is, ¢ = cp for
some generic 2-plane field D C TM. (Here, volT € ATT* is the volume form of q’.)

The version of this theorem given by Hammerl and Sagerschnig, [HS09, Theorem A],
restricts attention to conformal structures of signature (2, 3) and instead of a parallel trac-
tor 3-form of split type it considers a normal conformal Killing 2-form ¢ satisfying a corre-

sponding genericity condition. However, ® can be recovered from ¢ using the BGG splitting
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operator Lo for A3T* (see )7 and because any 3-form of split type on R induces a
signature-(3,4) symmetric bilinear form, parallel tractor 3-forms of split type only occur in
signature (2, 3).

From this theorem and the real-analytic version of the Parallel Tractor Extension The-
orem (Theorem , it follows immediately that the holonomy of any ambient metric
induced by a real-analytic, generic 2-plane field on an orientable 5-manifold is contained in
Go, provided we restrict to the domain of the parallel extension, and with some more work

that an analogous result holds for such plane fields on nonorientable 5-manifolds.

Theorem 3.1.2. Suppose D is a real-analytic, generic 2-plane field on a 5-manifold, let cp
be the conformal structure it naturally induces, and let (M, gp) be a real-analytic ambient
metric of cp. If M is orientable, then (possibly replacing gp with its restriction to some
dilation-invariant open subset of M containing G) Hol(gp) < Go; if M is nonorientable,

then in the same sense, Hol(gp) < Go xZs but Hol(gp) £ Ga.

Proof. First suppose that M is orientable. Let ® be a tractor 3-form on c¢p guaranteed
by Theorem Then Theorem (the real-analytic version of the Parallel Tractor
Extension Theorem) guarantees that M admits a parallel ambient extension d extending
®; because @ is split, so is P. Then, after replacing gp with its restriction to the domain of
P, Hol(gp) is contained in the stabilizer of a split 3-form on R*?, namely, Go.

If M is nonorientable, then neither is M , and so Hol(]T/[/ ,g) £ SO(3,4); in particular,
Hol(M,§) £ Go < SO(3,4).

Now suppose that M is nonorientable. Let M be its orientation cover with projection
7#: M — M, and let 0 : M — M be the deck transformation of 7 that exchanges the
(two) elements in each fiber of 7. Set D := (T'7)~!(D) C TM; since it is locally equivalent
to D (via restrictions of ), it is generic. We show that the data derived from D and D
are suitably compatible with respect to 7# and o, and then use this to prove the claimed
holonomy containment.

Since D and D are locally equivalent, and the construction D ~» ¢p depends only on
local data, the conformal structure cp on M induced by D satisfies ¢y = #*cp and so

o*cp = cp. Now, pick an arbitrary representative g € cp; then, by construction, g :=
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7*g is a representative of cj. Let g be a real-analytic ambient metric of ¢5. Then, the
representatives g and g respectively induce splittings (¢,z,p) and (¢,Z,p) on M and ﬁ
Furthermore, 7 extends to a covering map 7 : M — M defined by 7(t,z,p) = (£, 7(Z),p),
and & extends to a deck transformation o : M — M defined by o(t,z,p) = (t,0(Z),p).
Since the Levi-Civita connection V of gp is just the pullback of the Levi-Civita connection
V of Jp, it is preserved by &.

Again, Theorem guarantees the existence of a split parallel tractor 3-form ® on

the tractor bundle of M. By construction, c*® = —®: ¢* preserves ® up to sign by
symmetry, and because o* vol” = —vol”, substituting in (3.1)) shows that it must reverse

®. Then Theorem [2.1.3| guarantees the existence of a parallel ambient 3-form ;I_;, and since
the ambient construction is local, 5 = —d.

For an arbitrary point p € M, we compute the subgroup of GL(T;M) preservmg the
pair {:l:CI)} (setwise): First, a. <I>p = <I) for some GL(T;M) iff a € Go; similarly, if a.® <f>,
then [a - (—id)].q)ﬁ = <I>p, so a - (—id) € Gg (and vice versa). Then, since Zo = {£id}
commutes with Gg, the subgroup preserving the pair {:l:%,—,} is exactly Go XZso. Then, since
+& are both parallel, the stabilizers of their restrictions in GL(T;M) at each respective
point p € M determine a parallel (Gg xZg)-structure. Then, because {i(%} is preserved
by &, so is the (Ga XZg)-structure, which hence descends to such a structure on an open
subset of M containing G, to which we restrict g. Then, by the compatibility of % and %,

the structure is parallel with respect to the latter, and thus Hol(gp) < Go xZs. O

Henceforth, we may replace gp with its restriction to the domain of the parallel extension

® (which by construction is invariant under dilation) without comment.

Remark 3.1.3. One could alternately frame the proof of the above theorem in the nonori-
entable case by regarding a nonorientable (or even general) 2-plane field on a 5-manifold as
a normal, regular parabolic geometry of type (g2, P'), where P’ is the stabilizer of a null
ray in Go XZo, which guarantees the existence of a reduction of the holonomy of the tractor

connection to Gg xZg < O(3,4).

Remark 3.1.4. If M is orientable, extending (3.1]) gives that the ambient metric gp and the
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3-form ® on M are related up to a nonzero constant factor by
[((1@) A (-2®) A 1®] = gpvol,

where vol is the volume form of JD-

A converse of Theorem [3.1.2]is again a consequence of Theorem [3.1.1

Proposition 3.1.5. If a real-analytic ambient metric g of a signature (2,3) real-analytic
conformal 5-manifold (M, c) has holonomy contained in Go < SO(3,4) (if M orientable)
or Go xZs < O(3,4) (if M not orientable), then ¢ = cp for some generic 2-plane field
DcTM.

To prove this, we use the following fact:

Proposition 3.1.6. [HS09] Let D be a 2-plane field on an oriented 5-manifold, and let
Dapc € Eape be the corresponding parallel 3-form in Theorem [3.1.1 Its projecting part
[Mo(®)]ap € Eap[2] spans the line subbundle of A*T* that annihilates D+. Equivalently,
because D is totally null, the 2-plane field defined by the (locally decomposable) weighted
bivector field [Io(®)]% € £9[—2] is just D itself.

Proof of Proposition[3.1.5, Again, first suppose that M is orientable. Since Hol(g) < Gg <
SO(3,4), g admits a parallel 3-form of split type compatible with the metric; the restriction
of that 3-form to a section of F(TM |g) is a parallel tractor 3-form of split type compatible
with the tractor metric. So, by Theorem |3.1.1] ¢ is induced by some D.

Now, suppose that M is nonorientable, and let F denote the parallel (Gy xZs)-structure
on g. Use the same notation as in the proof of the previous theorem, and furthermore
denote the pullback conformal structure on M by ¢ := 7*c. Since (ﬁ,ﬁ) is orientable, it
admits a (parallel) GL4 (7, R)-structure. Then, the intersection of this structure with the
(Ga XZg)-structure 7*F is a parallel Go-structure on ,Z\?, G2 < SO(3,4) and hence g admits
a parallel 3-form ;I:J of split type compatible with g. As in the previous theorem, we may
assume that 5*® = —®. Restricting & to the tractor 3-form bundle, A3T*, of ¢ yields a
parallel tractor 3-form ® on ¢, so by Theorem ¢ is induced by some generic 2-plane
field, that is ¢ = cp for some D C T'(T'M). This field is determined by the bivector field
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[TIo ()], where TI : T(A3T*) — T'(A2T*M) is the projection of a tractor 3-form onto its
projecting part. Let o7 denote the restriction &|g. Then, the restriction of (67 )*® = —®
has projecting part —[IIo(®)]. Since [TIo(®)]* and —[IIo(®)]* define the same 2-plane field,
D, that plane field is invariant under ¢ and so it descends to a plane field D on M. Since ¢

and D are locally equivalent to ¢ and D and ¢ = cp, we have ¢ = ¢p as desired. ]

We can moreover use exploit Leistner and Nurowski’s technical criterion (Lemma [1.6.15))
to show that the set of real-analytic generic 2-plane fields D such that Hol(gp) has holonomy
equal to Gz is in a suitable sense dense in the set of all such (local) plane fields.

Subsection [1.6.3] (see Proposition and Lemma showed that to prove that
a real-analytic ambient metric gp of a real-analytic, generic 2-field D on a 5-manifold M
has holonomy equal to G2 (and not a proper subgroup thereof), it suffices to show that (1)
there is some nonempty open subset of M on which ¢p is not conformally Einstein, (2) the
manifold does not admit a pair (g, L) as in the statement of Lemma and (3) gp is
not locally symmetric.

Recall also that by Proposition there is a (local) quasi-normal form for a generic
2-plane field D: For any s € M, there are local coordinates (z,y,p, q,z) mapping s to the
origin and a function F(x,y,p,q, z) defined on that coordinate chart such that the plane
field is given there by span{d,, 0, + pdy + ¢0, + F0.}. By Proposition any such F' (in
particular defined in a neighborhood of the origin) for which F,, is nonvanishing defines
such a plane field Drp. We will show that both of the conditions in Lemma define
pointwise algebraic conditions on the Weyl and Cotton tensors of an arbitrary representative
of the induced conformal class c. Passing to the local coordinates of the quasi-normal form,
these impose algebraic conditions on the space Jg of 7-jets of functions F' at the origin; for
each condition, we will show that the set on which it is satisfied is contained in a proper

algebraic subvariety of Jg . This will yield the following genericity result.

Theorem 3.1.7. There is a dense subset S C Jg with the following property: If F is a
real-analytic function (for which Fy, is nonvanishing and) whose 7-jet ji(F) lies in S, and if
gr is any real-analytic ambient metric of the conformal class induced by the generic 2-plane

field Dp, then Hol(gr) = Ga.
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Theorem says that the (global) holonomy of a real-analytic ambient metric gp
induced by a generic 2-plane field on an oriented manifold is contained in Gg, so with
the preceding theorem it shows that generically (in the sense made precise by the latter
theorem), the (global) holonomy of a real-analytic ambient metric induced by a generic
2-plane field on an oriented manifold is equal to Gs.

Before giving the proof of Theorem [3.1.7] we develop the constructions involved in the
mentioned algebraic conditions.

First, fix a generic 2-plane field D on a 5-manifold M, and pick a representative g of the
induced conformal class cp. Define for any « € M the linear map ¥, : T,M xR — ®3 M
by

Vo (X, A) == WapeaX® + Cheal,

where W and C' as usual denote the Weyl and Cotton tensors of g. Recall that direct
computation gives that the Weyl and Cotton tensors of the arbitrary representative g =
e?T g € ¢p are respectively W = 2TW and ébcd = Ched— Wapea T?. So, the image of ¥, and
in the particular its rank, are independent of the choice of representative. The pointwise
condition corresponding to the local Einstein condition in Lemma is that W, injective,
that is, that rank ¥, = 6.

Next, we define a condition on the Cartan curvature tensor A of D (see Subsection

that turns out to be equivalent to part of the condition involving totally null 2-planes in

Lemma [[L6.15

Definition 3.1.8. Let V be a vector space. A tensor B € S*V* is 3-nondegenerate if the
only vector Z € V for which B(-,Z,7Z,7Z) =0 is Z = 0; otherwise, B is 3-degenerate.

Lemma 3.1.9. Let D be a generic 2-plane field on a 5-manifold M, fir x € M, and let
W e (Q*TM)[2] be the Weyl tensor of the induced conformal class cp at x. Then, Ay is
3-degenerate iff there exists a nonzero null vector K € T, M such that W(Y, K, K, X) =0
for allY € T,M and X € K+,

Proof. (=) Suppose A, is 3-degenerate, say, that the nonzero vector Z € D, satisfies
We(yZ,Z,Z) = 0. Then take K := Z; it is nonzero by hypothesis and null because D
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is totally null. By Lemma to show that W (Y, K, K, X) = 0, it suffices to consider
just the images of arbitrary X € K+ and Y € T, M under the quotient map q_; : T, M —
T,M/Dy. Recall from Lemma that for any orientable subset U C M there is a natural
isomorphism 7 : D|y— (T'M/D")[—1] defined up to sign; fix a sign arbitrarily. We may write
q—1(Y)|y= 7(V) for some V € D|y7, and by orthogonality, the image of ¢_1(X) = s7(Z|v)

for some constant s. Then, on U,
WY, K,K,X)=W(r(V),Z,Z,s7(Z)) =—-sAV,Z,Z,Z) = 0.
Since the choice of U is arbitrary, this identity holds everywhere.

(«=) Conversely, suppose that K satisfies W (Y, K, K,X)=0forall X € K+ and Y € T, M.
If K € D,, then set Z := K and choose X € K+ and Y € T, M such that g-1(X) =71(2)
and g_1(Y) = 7(V); then, the computation in (=) with s = 1 gives A(V,Z,Z,2Z) = 0. If
K ¢ D, then because ID)% — D, contains no null vectors, K € T, M — D%, SO we may write
g—1(K) = 7(Z) for some (nonzero) Z € D. Taking X = Z and letting Y € D be arbitrary
then gives A(-, Z,Z,7Z) = 0. O

We can now translate the conditions in Lemma [1.6.15] into pointwise conditions on ¥

and A:

Lemma 3.1.10. Let D be a real-analytic, generic 2-plane field, and let gp be a real-analytic
ambient metric of the induced conformal class. If there are points x,y € M such that
U, is injective and A, is 3-nondegenerate, then Hol(gn) = Gao if M is orientable, and

Hol(gp) = G xZs if M is nonorientable.

Proof. First, assume that M is simply connected. We show that the conditions on ¥, and
Ay in the statement are incompatible with each of the conditions in Lemma [I.6.15} then
that lemma will prove the claim in that case.

First, if A is 3-nondegenerate, then it is nonzero, and thus so is W. Then, by Proposition

[1.2.13] and ([1.25]), on M C M the ambient curvature satisfies

TM Rijranr = —2Riji = —2Wijn # 0.

So, E]!]KL,M = 0, that is, gp is not locally symmetric.
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Second, let g be an arbitrary representative of the induced conformal class cp, and
suppose there is a dense subset U C M such that ¢p|y admits a local Einstein representative
in a neighborhood about every point, say, for an arbitrary point x, the local metric g :=
e?Yg|y on the neighborhood V of . Now, an Einstein metric is Cotton-flat: If § has Einstein
constant A, then ébcd = 2Pyjc.q) = 2Agpjc,q) = 0. Then, 0 = (ém)bcd = (C2)bed—Y*W2)abed =
U, (—(dY)%, 1), so ¥, is not injective. Since x is arbitrary, and the injectivity of ¥, is
independent of the choice of conformal representative, ¥, is not injective for each z € U.
Then, because U is dense and injectivity is an open condition, ¥, is injective nowhere.

Finally, if gp admits a parallel, totally null 2-plane field, then A is 3-degenerate every-
where.

Now, suppose that M is not simply connected, and consider the universal cover (ﬁ ,GD)
of (]T/f ,gp) and arbitrary lifts  and y of x and y. As in the proof of gp is an ambient
metric of the conformal class induced by the 2-plane field (7'7)~!(ID) on the universal cover
M of M, where m : M — M is the covering map. Since ¥, and A, both depend only on
local data, ¥z is injective because VU, is, and Ay is 3-nondegenerate because A, is. So, by
the simply connected case, Hol(ﬁ, gp) = Ga. Then, by [Pet06, Section 8.3.1], Hol(ﬁ, gp) is
equal to the restricted holonomy Hol®(M, §p) < Hol(M, gp), and thus Theorem gives
that Hol(]\7, gp) = Gg if M is orientable and Hol(ﬂ, gp) = Gg XZgy if not. O

(Proof of Theorem . Recall that Nurowski’s formula gives a representative gp
of the conformal class induced by Dp such that (gr)e and (gr)® are both polynomial in
F, derivatives of F' of order no more than 4, and Fq_ql. The Weyl and Cotton tensors of a
metric are polynomial in the components of the metric, those of its inverse, and those of its
derivatives of degree no more than 2 and 3, respectively, so the Weyl and Cotton tensors of
gr are polynomial in F', F, q_ql, and the derivatives of F' of order at most 6 and 7, respectively.
So, to prove the claim, it suffices to show that the subsets of the jet space J defined by
the conditions on ¥y and Ay are contained in proper algebraic subvarieties of that space:
Then, the complement of the union of those varieties is Zariski-open and hence dense (in
the standard topology), and by Lemma any function F whose 7-jet, ji(F), lies in

that complement satisfies Hol(gr) = Go (provided again that we restrict to F' satisfying
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Fyy #0).

Represent ¥y as a matrix in some basis; its rank is less than 6 iff the determinants of
each of its 6 x 6 submatrices vanish, which defines an algebraic variety. To show that it
is proper, we show that its complement is nonempty. In particular, we show that ¥y is
injective for the functions F'[a,b] considered by Leistner-Nurowski (see Example for
which ag # 0 and a4 # 0. Suppose that for such a function, (¥g)pe.q = 0; then, specializing
to {bcd} = {415} gives 0 = (¥0)a15 = WapecaX® + CpegA. Consulting the tensorial data in
Appendix that Leistner and Nurowski computed for the metrics gpjay gives that this
condition simplifies to A3X"' = 0. Since a3 # 0 and ay # 0, A3 # 0 and A4 # 0, and so
X1 = 0. Similarly specializing {bcd}, in order, to {115}, {413}, {113}, {414}, and {114}
respectively shows that X4, X\, X3, X2, and X? are also all zero, and so that ¥q is injective

as desired.

We now address the condition on Ag, which in this proof we henceforth denote just A:
Specializing the formula in Subsection to the origin gives that Dy = span{d,, d,}. In

the coordinates (u,v) dual to (9y,0;), the homogeneous polynomial defined by A is

AZ,Z,Z,7) = Ayt 4 4AW 3y + 64D 20?2 + 44 u® + AWyt

for some coefficients A®) € R, k e {0,...4}. Now, A is 3-nondegenerate iff the equations
A0y, Z,Z,7Z) =0 and A(0y, Z,Z,Z) = 0 have a common nonzero solution Z. In terms of

the dual basis, these conditions become

A3 1340420 + 3A@ w2 + AB3 =0
AWy3 13402y + 34C)uw? + AWy3 = 0.

The 5-tuple (A®)) of coefficients for which this system admits a nonzero (real) solution is

contained in the set of 5-tuples for which the system admits a solution (u,v) € C?—{(0,0)},
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which is in turn characterized by the vanishing of the resultant of the system:

A0 340) 342  ABG) 0 0
0 A0 341) 342  AB) 0
0 0 A 340 3432 4G)

det =0. (3.2)

AM) 3412 3403)  AM@ 0 0
0 AM 342 346)  AM@ 0

0 0 A 342 34B) A4

We show that the map JJ — SDf sending a 7-jet of D (equivalently, F) to its symmetric
4-form A is surjective by perturbing the flat model, F(x,v,p,q,2) = ¢>, at a high order.
Then, since is nontrivial on S4DE§, that equation defines a proper subvariety of Jg .
We thus henceforth specialize to functions F(x,y,p,q,2) = ¢*> + f, where f vanishes
to order 6. (If a function h vanishes to order m in those variables together, denote h =
0 mod O(|x|™).) We first compute for such functions the representative gp € cp given
by Nurowski’s formula , up to second order. Recall that D denotes the first-order

differential operator 0, + pdy + q0, + F'0,; precomputing the derivatives of F' that appear

in (A.1) gives that

Fy=2q
Fpy=2

Foqqq= quqq mod O(’X|3)’

Dquq: quqw
D2qu: qum

and that all other derivatives of F that occur vanish modulo O(|x|*). Substituting in (A1)

leaves just

gp = —3(D*Fyq) Fi (@")? + 6(DFygq) Fao'&® + 30F,0'&*

— 3FyqFaqqq(@°)? + 30F,0°%° — 20F,, (@°)? + O(x[*),

where the coframe (w®) is given in Appendix Substituting for the w® (and again
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discarding the terms that vanish modulo O(|x|*)) gives

gr = —80q? dz? + 160q dx dp — 480p dx: dg + 240 dx dz

— U fyqwn dy? + 480 dy dq + 24 f4qqe dy dz — 320 dp® — 6 4400 d2* + O(|x[?).

In order to compute A for this F, we compute explicitly the isomorphism 7 : Dg —
(ToM /D5 )[—1] (up to overall scale); trivializing the codomain using gr defines an isomor-
phism Dy — ToM /]Dé, which we also denote 75. Up to a constant factor, the gp-skew

trivialized isomorphism g is given by

Oy — —dx
Mo :
Oy — dg

Raising indices gives that the trivialized isomorphism g is given up to a constant factor by

dz — 20, + D+
dqb—>8y+}D>J-

Composing then gives that, again up to a constant factor, 7y is given by

Oq > —20, + Dt
Oy — Oy +Dt

So, using the definition of A (Subsection [1.5.4)) gives again up to an overall constant factor
that

AO) = 4w (9,,0., 8y, 0.)
AW = 2w (8,, 8-, 0,,,)
A® = 2w (8,,0.,0,,8,)
A®) = W (d,,y, 0r, Dy)
AW = W (D, 8y,0,,0,).

Computing W (at 0) in coordinates using the previous formula for g modulo O(|x|?) gives
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up to some (overall) constant factor that

AQ = quqqqq(o)
AW = quqqqa:(o)
A®) = quqqm(o) (3.3)

AB = faqqza2(0)
A(4) = quz;tm:(o)'

For f as above, we may thus identify A with (V*f£,,)(0)|p,, where (V*f,,)(0) denotes the
symmetric 4-tensor defined by the coefficients of the order 4 Taylor polynomial of f,, at 0,
and -|p, denotes restriction to Dy. Since we may prescribe those coefficients freely when

choosing f, (3-3) shows that the map JJ — S*Dj is surjective as desired, completing the

proof. O

Remark 3.1.11. Because of the explicit computational nature of the conditions, it is easy

(albeit tedious) to generate large new classes of metrics with holonomy equal to Ga.

3.1.2  Finstein Nurowski conformal structures

If D is a real-analytic field such that ¢p contains an Einstein representative g, then a real-
analytic ambient metric gp inherits extra geometric structure, including a natural foliation
by hypersurfaces which in turn admit structures depending on the sign of the Einstein

constant of g. We first recall definitions of some of the structures that occur in this setting.

Definition 3.1.12. An almost complex structure on a manifold N is a bundle map
J: TN — TN satisfying J?> = —idyy. An almost complex structure J is compatible
with a given pseudo-Riemannian metric v on N if v(JA,JB) = v(A, B), that is, if Ju, is
antisymmetric; in that case, hgp := Yap — dap 18 @ hermitian metric. If moreover VJ = 0,
then there is a (unique) complex structure on N suitably compatible with J. In this case, the

pair (v,J) is called a Kéhler structure on N, and (N, ~,J) is called a K&hler manifold.

In particular, a Kéhler manifold (N,~,J) of signature, say, (p,q), is simultaneously a

pseudo-Riemannian manifold (with metric 7,;), a complex manifold with pseudo-Hermitian
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metric hgp, and a symplectic manifold (with symplectic form J,;), and these structures are
compatible in the sense that the sense that J is compatible with v and h can be recovered
from those two objects using the given formula. (In fact, any of these three objects can be
recovered from the other two.) One can show that if (N,~,J) is K&hler, then p and ¢ must
both be even. If (N,v) admits a Kéhler structure defined by a parallel almost complex
structure J, then Hol(7) is contained in the stabilizer of J, in O(vy;) = O(p, ¢), namely,
UGS, %)

Changing some signs yields analogous structures.

Definition 3.1.13. An almost paracomplex structure on a manifold NV is a bundle map
K : TN — TN satisfying K? = idry such that the +1-eigenbundles have the same rank.
An almost complex structure K is compatible with a given pseudo-Riemannian metric ~y
on N if v(KA,KB) = —y(A, B), that is, if K is antisymmetric. If moreover VK = 0, then
K arises from some paracomplex structure on TN (a paracomplex structure is an analog of
a complex structure—see [CFG96|), the pair (v,J) is called a para-Kéahler structure on

N, and (N,7,J) is called a para-Kéhler manifold.

A para-Kéahler manifold is simultaneously a pseudo-Riemannian manifold, a paracom-
plex manifold, and a symplectic manifold, and those structures are compatible in a sense
analogous to that in the discussion of Kéhler structures above. If (N, v, K) is a para-Kéahler
manifold, then necessarily its dimension is even, say, 2m, and 7 has neutral signature (m, m).
If (N,v) admits a para-Kahler structure defined by a parallel almost paracomplex struc-
ture K, then Hol(v) is contained inside the stabilizer of K, in O(y,) = O(m,m), namely,
GL(m,R).

We can specialize Proposition [2.1.14] about the ambient metrics of Einstein conformal

structures to the case of such structures induced by real-analytic, generic 2-plane fields D.

Proposition 3.1.14. Let D be a real-analytic, generic 2-plane field on an orientable 5-
manifold whose induced conformal structure cp admits an Einstein representative with Ein-

stein constant X, and let = € F(T]Tf) be the corresponding parallel ambient vector field (see

Proposition |2.1.14)).
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o If\ <0, then = is spacelike, Hol(gg™) < SU(1,2), and M admits a natural foliation by
6-dimensional leaves, each of which admits a natural signature-(2,4) Kdahler structure

compatible with the pullback metric.

o If X\ =0 (ie., g is Ricci-flat), then = is lightlike, and Hol(gf™") < SL(2,R) x N
where N is the distinguished nilpotent subgroup (1.52)) of the parabolic subgroup P <
Go (this is just the subgroup of Ggo preserving a null vector). Also, M admits a
parallel partial flag structure of type (1,3,4,6), which hence defines nested foliations
whose leaves have dimensions 1, 3, 4, and 6; the 1- and 3-dimensional leaves are
totally isotropic submanifolds, and the 4- and 6-dimensional leaves are coisotropic.
Furthermore, M admits natural nested foliations by totally isotropic 2-dimensional

leaves and coisotropic 3-dimensional leaves.

o If A\ >0, then Z is timelike, Hol(gi™) < SL(3,R), and M admits a natural foliation by
6-dimensional leaves, each of which admits a natural para-Kdhler structure compatible

with the pullback metric.

Also, if X # 0, then g™ can be locally realized as a product metric.

Leistner and Nurowski allude to the holonomy containments in the cases for which

A # 0 [LN10, Remark 5].

Proof. The relationship between the sign of A and g™ (Z, Z) and the result about the local
product decomposition were shown in [2.1.14

Let [Z] denote the line spanned by =, and let ® € T(A3T* M ) denote the parallel ambient
3-form induced by I as in the proof of Theorem Since [Z] is parallel, so is the 6-plane
field [Z]*, and thus it defines a foliation F of M by 6-dimensional leaves. For any leaf
L € F, let v, denote the inclusion L —» M.

We know from Theorem [3.1.2] that Hol(g§™") < Ga. So, since E is also parallel, Hol(g™)
is contained in the stabilizer in Gz of an arbitrary nonzero vector X € R3% such that (X, X)
has the same sign as g™ (2,2) = —2X. If A <0, this is just the stabilizer in Gy of a point
in the sphere S>#, which one can compute is SU(1,2). If A = 0, this is just the stabilizer in
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G of a null vector, which is SL(2,R) x N. If A > 0, this is the stabilizer in Go of a point
in the sphere S>3, which is SL(3,R).

Suppose now that A < 0 and consider an arbitrary leaf L € F. Since gii" (=, =) > 0, the
pullback ¢} g™ is a signature-(2,4) metric. Now, because both = and d are parallel, the
2-form Z_1® is parallel, and because L is totally geodesic (since it is a leaf of a foliation
of a parallel plane field), the skew endomorphism J := [¢} (E :I;)]ﬁ € I'(Endgkew (T'L)) is
parallel with respect to 7 gp". Computing an example in ImO and using the transitivity
of the action of G2 on S24 C Im O shows that J? = —1id, so the pair (7 g™, K) defines
an almost Hermitian structure on L; since J is parallel it in fact defines a signature-(2,4)
Kahler structure on L.

The case A > 0 is similar. Since g™ (E,Z) > 0, ¢7 gfi™ is a signature-(3, 3) metric. Now,
the skew endomorphism K defined by the same formula as for J in the case A < 0 satisfies
K? = id and the +l-eigenspaces of K at any (equivalently, every) point in p both have
dimension 3, so the same reasoning as in the previous case shows that (.7 gfi",w) defines a
para-Kahler structure on L.

Finally suppose that A = 0. Then, the equation g&*"([Z], [Z]) = 0 implies that [Z] C [Z]+,
and so the foliation by integral curves of [Z] is nested inside the foliation F of M defined
by [Z]+. Computing an example in Im O and using the transitivity of Go on the null cone
N C ImO shows that (E1®) A (E1®) A (E1®) = 0, so the pullback of 2_1® to a leaf
of F does not define a symplectic structure as it does when A # 0. There is, however, a

substitute structure for this case: Checking again an example in the flat model shows that

(E1®) A (E1®) is decomposable and null, so define the trivector field

A= [F[(2U D) A (21 )™ € T(APTM).

(Here, #1 just indicates raising of all three indices.) Since = and ® are parallel, and ¥
commutes with covariant differentiation, A too is parallel, and so it defines a parallel, null
3-plane field [A]. Checking an example shows that [Z] C [A] C [A]*, yielding a refined
filtration,

which we may view as a bundle of incomplete flags of null and conull subspaces. Each plane



130

field in the filtration is parallel, so it defines nested foliations of M by leaves of dimensions
1, 3, 4, and 6.

To see the claim about M it is enough to consider the restrictions of the above data
to G. Since A = 0, computing directly using Example gives that 2 = t_lap, and so
[E]|lg=span{d,}|g. So, each leaf is transverse to G, and so the intersections of the leaves in
the nested foliations of M with G comprise nested foliations of G by leaves of dimensions 2,
3, and 5. The normal form of g™ shows that, with respect to the decomposition realizing
M as a subset of RT x M x R, we have [Z]+ = TM @span{d,}, the 6-dimensional plane field
[E]+|gc TM|g is just TM|g® span{J,}|g. So the 5-dimensional plane field is just T'M|gC
TG, and the leaves of the corresponding foliation are just the submanifolds {t = ¢y} C G;
regarded as sections of G — M, these are, respectively, just the Ricci-flat representatives
t3g of ¢ homothetic to g. By homogeneity, the projections of the foliations of M x {ty} to
M by 2- and 3-dimensional leaves by the projection M x {ty} do not depend on ¢y, and so
they determine foliations of M by 2- and 3-dimensional leaves naturally associated to the
Ricci-flat representative g € c. Since [A]|g is null, consulting again the normal form of the

ambient metric gives that the 2-dimensional leaves are totally null. O

Remark 3.1.15. If A # 0, we can use the Kéhler or para-Kéahler structures on the leaves
to recover local versions of the holonomy containments asserted in the proposition. Since
gean(2,E) # 0, we have [Z]+ N [E] = {0}, so the de Rham theorem guarantees that near an
arbitrary point p € M , some neighborhood (U, g§"|7) of p in (]TJ/ ,g5") can be realized as
a product (N, ge) x (J, £ds?), where N can be identified with an open set in the leaf L of
F through p and g¢ can be identified with pullback ¢} g5 to that set, J is an interval, and

=+ is the opposite of the sign of A. In particular,
Hol(3$™|7) = Hol(gg) x Hol(%ds*) = Hol(ge).

Remark 3.1.16. It can be shown efficiently, independently of the arguments in the above
proof that the metrics on the 6-dimensional leaves L admit K&hler or para-Kéahler structures,

that the (parallel) 2-forms ¢} (21 ®) define symplectic structures when A # 0: By Remark
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up to a nonzero constant factor we have
(EUP) A (ELP) A D = g&(Z, E) vol = —2A vol,

where vol is the volume form of g™, Then, by definition of J (and lowering an index and
regarding it as a 2-form), contracting = into both sides and pulling back to L gives that
JAJ AT is a nonzero multiple of the volume form of the metric on the leaf, and likewise for

K.
3.2 Integrability conditions for parallel tractor tensors

The Parallel Tractor Extension Theorem can be used to generate a large number of in-
tegrability conditions for the existence of parallel tractor tensors. The discussion in this
section generalizes a similar observation about standard tractors in [Gov, §3] which uses
just the tractor curvature instead of the full ambient curvature, and some results of [Lei04]
for tractor forms. In the notation of this section, the observation there covered the case in

which » =1 and ABCy ---Cs = abey - - - ¢s.

3.2.1 Odd dimension

First suppose n odd. Fix a parallel tractor tensor x € I'(Q" 7*); the theorem guaran-
tees the existence of an ambient extension Y € T'(Q" T *M) of x satisfying VX = O(p™).
Commuting covariant derivatives gives ]?Zf( = O(p>). Here, we regard R as a section of
AT*M End(TM ), and . denotes the (tensorial) bundle map induced by the natural action
of End(T'M) on X" T*M; explicitly:

-
(R.X)ABI = — Z RABQIU55[1"'Iu71Q1u+1'”I7" (3.4)
u=1
Restricting to G gives
[(Rlg).x]aB1 =0, (3.5)

where . now denotes the restriction of the above action to sections restricted to G. We
can regard E’g as a tractor tensor and thus view (3.5) as a condition on the tractor x.

Specializing the free multi-index AB realizes that condition more concretely. For example,
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taking A and B to be tangent to G recovers the fact that the tractor curvature annihilates
the tractor tensor y. At least for tractor r-forms, the remaining nontrivial choice up to
symmetry, AB = oob, just yields a condition that is a differential consequence of that
annihilation. (Taking either index to be 0 makes the left-hand side zero.)

If we furthermore fix a representative g € ¢, specializing I according to the induced
splitting just realizes the integrability conditions as tensorial conditions on the tractor com-
ponents; specializing to tractor r-forms recovers formulas of Leitner [Leitner]. Equation
(6.2) of [FG| gives the ambient curvature along G can be realized explicitly in terms of
various tensors associated to (M, g):

Rijrilv = Wi
Eoojkl’M = Cju

Eoojkoo’M =—(n—4)"'Bj;

here, W, C, and B are respectively the Weyl, Cotton, and Bach tensors of g. So, for
example, if x is a tractor r-form, with components (X—)iy-sir, (X0)ir-ins (XF)ig-i,, and

(X4 )ig-i, as in (2.1]), the condition determined above by AB = ab becomes

(WX— abig-iy — 0
abiy-ip = ~TCliy|ab) (X=)ig-iy]

(WX:F abig--ir — anb(X*)q’L'Q---ir

(WXt )abig-ip = Clp(X0)gin--ir + (7 = 1)Cligan] (X )ig-viv]
where by raising an index we regard W as a section of * T*M ® End(T'M). Here, . is the

tensorial bundle map
N(®*T*M ® End(TM)) x D(Q" T*M) — T(QT*M ® Q" T*M)

induced by the natural action of End(TM) on Q" T*M analogous to the map . defined in
: More generally, define the map . for simple tensor products u ® ¢ € F(®d "M ®
End(TM)) and g € T(Q"T*M) by (1 ® ¢).0 = p® (¢ - ), where - denotes the natural
action of I'(End(T'M)) on I'(Q" T* M), namely,

T
(@ Blivir = = Y P Biri rdinsr v
u=1
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Unwinding the definitions then gives, explicitly,
!

— q
(W/B)abjl"'jz - Z Wab juﬁjl"'ju—Iqu+l"‘jl'

u=1

(If = 1, in which case a tractor form has no component x+, the above condition involving
W.x+ disappears, as does the term involving y+ on the right-hand side of the last equation.)
These conditions can be used to recover some facts about structures encoded by parallel
tractors. For example, if (M, ¢) is almost Einstein, let U be the (dense) subset of M on which
the Einstein scale is nonsingular. In the splitting induced by the Einstein representative of
cly, the corresponding parallel tractor form on U is (1,0,—\). Then, the third equation
gives that C|y= 0, and thus by continuity C' = 0, recovering the fact that almost Einstein
conformal structures are conformally Cotton-flat.

For tractor tensors of irreducible type, we may combine the conditions produced as
above with the BGG splitting operator for that type to produce integrability conditions for
a parallel tractor tensor x in terms of just its projecting parts o (which, recall, for irreducible

type determines the full tractor tensor). Again for forms, this yields the conditions:

(W.o)abigi, =

(W.dat)apiy i, = —TCli; |ab| Vigeviy ]
(Wd*@)aiy i, = (1= 7+ 2)C g3y, |
(WO abizi, = 30 (d0) giy-wi + 7575 Clinlab| (47 )i,

where [ is the operator in [Lei04 Section 4].

Similarly, the condition determined by AB = ocob becomes

(C.x-)

(CX0)biy iy = — (1 = 4) 7 Byji, (X )igviy]
)
)

big-ip —

(3.7)
(CXFbigein = (0= 4) 7 By (X ) gige-i

(CX1)bigeri, = (0 — 4)_1[Bbq(X+)qi2-~ir +(r— 1)Bb[i2 (X:!:)ig"'ir]]

Here, . is the tensorial action of C' on T'(®'T*M) analogous to the above action for W'

Raising an index allows us to regard C as a section of T*M ® End(T'M). The action . is

again the one induced by that of I'(End(7'M)) on covariant tensors:
!

— q L . .
(Cﬂ)bjl-"jz - Z Cb juﬁh“']i—lwuﬂ'“ﬂ'

u=1
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The above systems of integrability conditions were produced using a somewhat different

method in [Leitner, Section 5].

Remark 3.2.1. Computing directly shows that the conditions (3.6|) can be written compactly
using the bundle map F) defined at the beginning of Subsection as

F(CX,Y)) = W(X,Y).x,

where X and Y are arbitrary sections of TM, W is regarded as a (3,1)-tensor, so that
W(X,Y) € End(TM), and . denotes the action of End(T'M) on A"T* defined by acting
separately on its components in A*T*M determined by the splitting with respect to the

representative g € c.

Similarly, we may write the system ({3.7)) as

where X is an arbitrary section of TM, and C is regarded as a (2, 1)-tensor, so that C(X) €
End(TM).

Now, differentiating R.X (see (3.4])) arbitrarily many, say, s, times and then restricting
to p = 0 gives [(VR)|g].x = 0, where . now denotes the restriction of the above action to
sections restricted to G. Now, we can regard (V5R)|g as a section of a section of a suitably

weighted tractor tensor bundle [FGl Proposition 6.5], and thus again regard
[(V*R)[gl.x =0

as a strictly tractor equation.

As above, we can produce systems of integrability conditions by specializing the free
indices on R and can furthermore explicitly write the conditions in terms of tractor compo-
nents in a splitting induced by a choice of representative g € c. For example, when s = 1, in
the special case of tractor forms, specializing all the free indices to lie tangent to the factor

M in the splitting M < R x M x R induced by a choice g € ¢ gives (consulting equation
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(6.3) in [FG]) the conditions

(VX— abcio-+ir — 0
(VXO abciy iy — _T‘Yv[i1|abc| (X*)igmiy-]

)
)
) ,
)

abciz--ip — anbc (X, )qizmir

(Vx4 )abeiy-ip = Y%bC(XO)qim-ir + (r — 1)Y[z’2|ab|(X:F)i3---ir]

where

Vijkim = Wijktm + 9imCikt — 9imCikt + GemCiij — 9imChij

Yikim = Ciktm — P Wikt + (n = 4) " (gkmBjt — qimBjr,).-

Raising the k indices, we may regard V and Y respectively as sections of A’T*M ®
End(TM) ® T*M and T*M @ End(TM) ® T*M. In both cases, the actions . are again
those induced by the natural actions of I'(End(7'M)) on tensors.

We summarize the above observations in a proposition:

Proposition 3.2.2 (Tractor tensor integrability conditions, odd dimension n > 3). Let
ABC, - - - Cs be a multi-index specialized according to the splitting Q <> (0, q,00) induced by
a choice of representative g € ¢, and let g be an ambient metric of c. If n odd, then for any

parallel tractor tensor x,

[(V°R)[g]-X]ancy--cs1 = 0,

defining a (necessary) condition for a tractor tensor to be parallel, and the resulting condition

s natural.

3.2.2 Even dimension

Now suppose n > 2 even. The Parallel Tractor Extension Theorem (Theorem guar-
antees for a parallel tractor tensor y the existence of an ambient extension ¥ of y satisfying
%5{ = O(p™?1). We may proceed as in the odd case, with two caveats: First, since 6%
may only vanish to finite degree, the left-hand side of the tractor equation [(V*R)|g].x = 0

can only be specialized in ways that do not involve taking too many derivatives transverse
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to G: Commuting covariant derivatives gives

(RX)apr = O(p"/*71), A 00, B+# 00

(RX)sonr = O(p"/*72), B +# o0
We are thus only guaranteed that [(V*R)|g.x]aB1c,..c, = 0 if 0o occurs in the multi-index
ABCYy -+ Cs at most 5 — 2 times, so in this discussion we henceforth assume that inequality
holds. Second, for a general even-dimensional conformal structure, some components of
the restrictions of covariant derivatives of the ambient curvature depend on the choice of

ambient metric. Restricting to M C M and expanding gives

.
(R.X)aBrcy--cy = (— > RABQzu>~<11---1u_1QIu+1---1T> C1-C

u=1

T
_ E ' n Q@ v
- RAB Iu’Cl---CSXII“‘IqL—lQIu+1"‘Ir‘

u=1
Letting L be the index that replaces ) when it is lowered; then, the maximum strength of
an index of a component Raprr,.c,..c. independent of the ambiguity is 3+ ||ABC) - - - Cs]],
and [FG, Proposition 6.2] shows that this component is independent of the choice of ambient
metric if ||ABLI,,Cy - - - Cs|| < n+1. These observations allow us to generalize Proposition

to arbitrary dimension n > 2.

Proposition 3.2.3 (Tractor tensor integrability conditions, general dimension n > 3). Let
X be a parallel tractor tensor, let ABCY ---Cs be a multi-index specialized according to the
splitting Q <> (0, q,00) induced by a choice of representative g € ¢, and let g be an ambient

metric of c. If n odd, or if n > 2 even and ||ABC} ---Cs|| < n — 2, then

[[(V°R)[g]-x]aBcy--cs1 = 0.
Moreover, the expression on the left-hand side is independent of the choice of ambient metric.

Proof. By the above observations, the conclusion holds if we additionally assume that oo
can occur in ABC---Cg at most § — 2 times. By the condition on the strength in the
hypothesis, it can occur at most § — 1 times. If it holds exactly § — 1 times, then the

remaining indices must all be zero, in which case the component is zero by Proposition

ML2.13 O



137

For example, if n = 4, then this construction does not yield any conditions for multi-
indices containing co. By the discussion before the proposition, the above formula for the
conditions for a tractor form associated to the multi-index ABC' = abc do not apply for
n = 4 (by the proposition, however, they do apply for n = 3 and n > 5); indeed, the tensor

Y that occurs in those formulas is not defined for n = 4.
3.3 Outlook: Parallel extension and special holonomy

The Parallel Tractor Theorem and its application to Gy holonomy raise a battery of new
questions. For example, Berger’s list contains the exceptional holonomy group Spin(3,4),
whose role in 8-dimensional geometry is formally analogous to that of Go in 7-dimensional
geometry. This similarity is especially clear in terms of the constructions in Chapter 1 of
this dissertation. Example [I.1.25] shows that generic 3-plane fields E on 6-manifolds N
(here, E is generic if it satisfies [E,E] = T'N) can be realized as (normal, regular) parabolic
geometries of type (spin(3,4),Q). Here, SO(3,4) acts naturally and transitively on the 6-
dimensional projective subvariety Gro(3, R*?%) of the hyperbolic Grassmannian Gr(3, R3#)
comprising the null 3-planes in R**, and Q is the stabilizer of an arbitrary plane under that
action. The flat model of this geometry is a SO(3, 4)-invariant (nondegenerate) 3-plane field
on Gro(3,R34).

Bryant employed the natural inclusion Spin(3,4) < SO(4,4) to assign to any generic
3-plane field E on a 6-manifold N a canonical signature-(3,3) conformal structure cg on
N [Bry06|. One can then show that, analogously to Hammerl and Sagerschnig’s construction
(Theorem , if N is oriented, then the tractor bundle of cg admits a nonzero parallel
tractor 4-form of a particular algebraic type, namely, one whose stabilizer in SO(4,4) is
Spin(3,4).

In view of this construction, it is natural to attempt to proceed as done in this disser-
tation for generic 2-plane fields on 5-manifolds: restrict to an arbitrary real-analytic plane
field [E, construct a real-analytic ambient metric gg for the induced conformal structure cg,
and apply the Parallel Tractor Extension Theorem to produce a parallel 4-form of the appro-
priate algebraic type on the ambient bundle, which would show that Hol(gg) < Spin(3,4).

(One surely expects again that generically, equality holds.) Because the underlying manifold
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N has even dimension, however, both steps of this construction involve technical obstacles
that do not occur in the analogous 2-plane field case. First, the Fefferman-Graham ambient
construction only guarantees a priori the existence of an ambient metric of cg Ricci-flat to
order 3. For general conformal structures of dimension n, the existence of ambient metrics
Ricci-flat beyond the critical order %n is obstructed by the conformally-invariant natural
obstruction tensor (see Subsection ; in fact, this tensor is precisely the obstruction to
the existence of ambient metrics Ricci-flat to infinite order in even dimension. So, a natural
first step in analyzing the plane fields [E in this setting is determining for which fields the
obstruction vanishes. For such conformal structures, uniqueness of infinite-order ambient
metrics still fails at order 3, though any such real-analytic ambient metric is completely de-
termined up to diffeomorphism and extension by the choice of a single symmetric, tracefree
2-tensor at order 3 with prescribed divergence, but at least locally there always exists at
least one choice; see [FG, Remark 3.12]).

Even for such a real-analytic ambient metric, the Parallel Tractor Extension Theorem
(Theorem a priori only guarantees the existence of an ambient extension of the tractor
4-form parallel to order 2. (Specializing Propositionto the real-analytic case, however,
shows the existence of a bona fide parallel extension is obstructed only at this order, that
is, if there is an ambient extension of the tractor 4-form parallel to order 3, then there
exists one parallel to infinite order). Then, as observed for general tractor tenors on even
dimensional conformal manifolds in Section the existence of a bona fide parallel ambient
extension may depend on the choice of ambient metric. Thus, the extension problem for
generic 3-plane manifolds on (oriented) 6-manifolds would involve analyzing the admissible
prescriptions of the ambiguity in the ambient metrics of the conformal structures cg.

It is a priori plausible that some induced conformal structures cg have non-vanishing
obstruction tensors and hence do not admit ambient metrics Ricci-flat to order greater than
3. We can, however, partially address this issue by expanding attention to generalized
ambient metrics g, which are defined as ambient metrics except that (1) we only require
that ¢ need only be C! along G (but still insist that it be C°° elsewhere on the ambient
manifold), and (2) g must be Ricci-flat to infinite order, in the sense that all components

of derivatives of Ric(g) extend continuously across G and vanish there [FG|; an analogue of
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Theorem [1.2.10| holds for such metrics. By |[FG, Theorem 3.10], for any representative of
a general conformal class of even dimension n, that conformal class admits a generalized

ambient metric g in normal form with respect to g and which has an expansion of the form
o0
> g™ (p 7 log o)),
N=0

where the tensors V) are smooth on the ambient space; if the underlying data is real-
analytic, § is real-analytic in ¢, z, p, and p"/2log |p| everywhere, and is real-analytic in ¢,
x, and p everywhere except on G. As for (standard) ambient metrics in even dimension,
such a metric is determined to infinite order (and, when the analyticity hypothesis holds,
up to extension and diffeomorphism preserving G pointwise) by the prescription of a single
tensor subject to the same condition as before. Then, for any generalized ambient metric
(satisfying the analyticity hypothesis) of a conformal class induced by a real-analytic plane
field E, one can look for parallel ambient extensions of the corresponding parallel tractor
4-form, the existence of which would yield metrics of holonomy contained in Spin(3,4). As
in the obstruction-flat case, it is plausible that it admits extensions for some choices of such
real-analytic ambient metrics but not others.

Several geometric structures that occur on even-dimensional pseudo-Riemannian mani-
folds are characterized by parallel tensors, including some whose existence is equivalent to
containment of the holonomy of the metric in certain proper subgroups of O(p, ¢); indeed,
with the exception of Gg, every irreducible holonomy group in Berger’s List that can occur
in indefinite signature occurs only in even dimension (recall that ambient metrics always
have indefinite signature). One can then attempt to construct metrics with these addi-
tional structures using conformal structures and parallel extension as described for metrics
of holonomy contained in Spin(3,4) as above.

For example, Cap and Gover have shown that a conformal structure has conformal holon-

5:3)

omy contained in SU( —or equivalently, its tractor bundle admits a parallel complex
structure J compatible with the tractor metric—iff it is (locally) equivalent to the Fefferman
conformal structure of a CR manifold of hypersurface type [CGIO, Section 2.5]. So, one can
then investigate the conditions under which such a J, regarded as an adjoint tractor, on a

real-analytic Fefferman conformal structure admits a parallel ambient extension to a suit-
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ably Ricci-flat (possibly generalized) ambient manifold, which would thus have holonomy
contained in that special unitary group. Metrics with such holonomy are indefinite signature
analogues of Calabi-Yau metrics. (Some Fefferman conformal structures are obstruction-flat
and others are not, and so analysis of these structures in this setting varies as above.) See
the upcoming paper [GW11] for more details of the relationship between Fefferman confor-
mal structures and parallel tractor extension. In his Ph.D. thesis, Alt proved the analogous
result for conformal holonomy contained in Sp(f,§) < SU(4,2) and Fefferman conformal
structures of quaternionic contact structures |Alt0O8, Theorem 1]. Conformal holonomy of
this type is characterized by the existence of three parallel complex structures on the trac-
tor bundle that are compatible with the tractor metric and that satisfy the commutation
relations of the imaginary quaternions 7, j, and k. These relations are preserved by parallel
extension, and so one may formulate the corresponding extension problem for producing
ambient metrics with holonomy contained in Sp(%, §); manifolds with such holonomy are
called hyper-Kéahler manifolds.

The cases discussed so far in fact already account for most of the groups on Berger’s
List that can occur as the holonomy of an ambient metric: If a Kéhler manifold, that is,

a manifold with holonomy contained in U(%, 1), is Ricci-flat, its canonical line bundle is

flat, and thus its structure group can be reduced to a subgroup of SL(%,C), n = p +¢. So,

any Ricci-flat (possibly generalized) ambient manifold with holonomy contained in U(§, )
in fact has holonomy contained in U(%,4) N SL(%,C) = SU(4, 1) (also see [Nur0O8al), and

thus Cap and Gover’s characterization applies. Likewise, if a quaternion-K&hler metric,
that is, a metric with holonomy contained in Sp(%, ) - Sp(1), is Ricci-flat, its holonomy is
actually contained in Sp(%, 7), and so Alt’s analogous results apply to any suitably Ricci-
flat (possibly generalized) ambient metric with such holonomy. So, the above considerations

together account for all of the holonomy groups on Berger’s list that can occur in indefinite

signature except SO(n, C) and GS.
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Appendix A

A.1 Nurowski’s formula for a representative of the induced conformal class

Nurowski showed that for a function F' for which F,, # 0, the generic 2-plane field Dp =

span{dy, D} induces a conformal class ¢y containing the representative

gr = [(DFQQ)ZFqu + G(DFQ)(DFQQQ)Fqu - 6(DFQQQ)Fth12q - 3(D2FQQ)F;¢1 + Q(DFQP)F;q
— 9FppFy + 9(DF ) FyFy — 18F,. FyFo + 3(DF.)Fy, — 6(DFy) For Fygp
+ GFPquqFQQP - 8(DFQ)(DFQQ)FQQFQQQ + S(DFQQ)FPFQQFQQQ

+ 3(D*Fy)FiyFaqgq — 3(DFy) Fo Fagqg — 3(DF.)FyF o Fugq + 4(DFy)*Fr,

- 8(DFq)FquQqq - 3(DFq)2ququqq + 4Fp2Fq2qq +6(DFy) FpFyqFyqqq

— 3F5ququqq — 6(DFq)FqF3quqz + 6FquFququz — 3(DFq)F5’quz
+ 12F,Fp Fy. + 3F 2 FogqFy — 6(D Fyqq) FyFoy Fz + A(DFyq) Fiy F.

+ 6F F o Foqpls + 8(DFyq) FyFyqFoqqFz — A(DFy)FoyFygqF. — 9F, Fa F,

+ FyF FogqFs — 8(DF ) FyF oy Fe + 8F, FyFo Fe + 6(DF)) FyFoq FoqqqF-

— 6F FyFyqFaqqqF + 18F 0 Fyy + 6F F o Foqo Fz + 3F Foy Fy . — 2F) F2

+ FyFy FoggFZ + AF, Fo F2 = 3F; FygFygqF? — 9F, Fo Fo2](@0')?

+ [G(Dquq)Fch - 6Fququp — 8(DFyq) FyqFyqq + 8(DFq)Fquq - 8Fququ

— 6(DFy) FyqFygqq + 6FpFyqFyqqq — 6Fquzquqz + GFSquz + 2Fququsz

— 8FyFoy s + 6FyFogFgqq F2]@'@* + [10(DFyq) Fi) — 10(DFy) Fo Foqq

+ 10F, F2 Fygqg — 10F F, 4+ 10F, Fy Foqq F.)0' & + 30F,, &' &

+ [B0(DFy) Fy, — 30F,F — 30F, Foy Fo]&'@” + [4F 0, — 3F4qFaqqq) (@°)?

— 10F ) Fpqq@*@® + 30F 0°0° — 20F, (@), (A.1)
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where the coframe (w®) is defined by

ol i=dy — pdx

&* = (dz — Fdx) — Fy(dp — qdx)
w® :=dp—qdx

ot = dg

w’ = dx.

This coframe is adapted to D in the sense that (6%) defined in Subsection is, namely
that ker{w!, &2 &3} = D and ker{&',@%} = D*. As in Subsection D denotes

D := 0, + p0y + q0, + FO,.
A.2 ‘Tensorial data for Leistner and Nurowski’s examples

We give here some tensorial data collected by Leistner and Nurowski for the class of examples
studied in |LN10] and recorded here in Example [1.6.13} this data was reported in the
appendix of [LN10] and is used here in the proof of Theorem

For arbitrary parameters a = (ay, . ..,as) € R” and b € R, define F|a, b] € C*(R%) by
Fla,bl(z,y,p,4,2) = ¢ + ao + a1p + azp® + azp” + asp® + asp” + ap® + bz.

Any 2-plane field Dpp, 3 C TR is generic, and so it defines a conformal class CFlap) (see

Subsection [1.5.3) containing the representative gp(ay (A.1).
Define

Ap = 21%(al + 2a9p + 3azp® + 4asp® + Sasp* + 6agp® + 2bq)
Ag = =575 (9az + 27agp + 54asp” + 90asp® + 135a6p* + 20°)
Az = 20_2%/3(113 + 4a4p + 10asp® + 20a6p?)

Ay = %(a4 + bagp + 15a6p2)

As = 4.;717/3((15 + 6agp).
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4
Then, the Weyl tensor Wyq of the representative e~ 3 xgp[a,b} € Cplap 1S given in a

suitable coframe (%) by

Wio1a = —Ay
Wiziz = =244
Wis14 = %(3 <213 A4q — A3b)

Wiaia = 5(27A43 — 122134, A3 — 6 - 223 450% + 40A3bg — 24 - 23 A4q?)

Wigis = As
Wigoq = As
Wisoa = As,

and all components not determined by these by symmetry are zero. The Cotton tensor Cyp.
4b ~
of ef?ng[ayb} is given in the coframe (%) by

1
Cuz = —3z45

Ciig = %(z‘hb +2%3 A5q)

1

Ca1a = —3i344

Cirs = —1s A

413 = T 31244
22/3

Cya = 75— Aug,

where again all components not determined by these by symmetry are zero.
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